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612 Deicrmine the corresponding stream function for each of the velocity potential

functions in Problem 6710

1
{ (a)y-x+constant ; (c) - xlog (x* + y2) + constant ;
Y 7
5+ constant]

T

Note : The velocity potential functions (b), (e), (f) do not represent the

flow field and therefore no explicit stream functions corresponding to these can

be obtained. The velocilies of (b) , (), (f) determined in Problem 6.10 above
have therefore no physical significance.

613 Describe the use and limitations of flow nets.
6'14  Discuss briefly the differenl methods of drawing the flow nets.

615 For a two dimensional flow of an incompressible fluid the velocily components
V. and Vy are given as

V, = akr® el- ¥+ 18] and

Vo=artel-Ha 8],

Letenmine the stream funcuion W and show that the fluid velocity at any point is

given by
V=[n+1)y \/.(‘l-_rl'cxlrl
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Equations of Motion and Energy
Equation

7°'1 INTRODUCTION

A fluid in motion is subjected to several forces which results in the
variation of the acceleration and the energies involved in the flow phenomenon
of the fluid. As such in the study of the fluid motion the forces and energics
that are involved in the flow are required to be considered. This aspect of fluid
motion is known as dynamics of fluid flow.

The various forces acting on a fluid mass may be classified as (?) body or
volume forces, (if) surface forces, and (iii) linc forces. The body or volume
forces are the forces which are proportional 10 the volume of the body, the
examples of which are weight, centrifugal force, magnetic force, electromotive
force, etc. The surface forces are the forces which arc proportional to the surface
arca which may include pressure force, shear or tangential force, force of
compressibility, lorce due to turbulence etc. The linear forces are the forces
which arc proportional to the length and the example of which is surface
tension,

Alike mecharnics of solids, the dynamics of fluid is also governed by
Newton's second law of motion. Newton's second law of motion states that the
resultant force on any fluid element must equal the product of the mass and the
acceleration of the element and the acceleration vector has the direction of the
resuitant lorce vector, In the mathematical form this law may be expressed as

F =Ma (7°1)

where XF represents the resultant external force acting on the fluid element of
mass M and a is the total acceleration. Obviously both the acceleration and the
resultant external force must be along the same line of action. Therefore the
force and the acceleration vectors can be resolved along the three reference
directions x, y and z and the corresponding equations may be expressed as

3R =Ma,
2F, =Ma, .(Tla)
YF, = Ma,

where Y F, ¥ Fyand X F,arc the components of the resultant force in the oY
and z directions respectively and g, a, and a, are the components of the totai
acceleration in the x, y and z directions respectively.
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Catenin the study of the fluid motion the forces per unit volume ol the
fluid clement are required o be considered. The equations 771 and 71 (a) may
then be expressed as

2f =pa (72)
and
=P, 1
L, =pa, (720
2f, = a, J

in wiseh f s the resultant force per unit volume acting on the fluid mass, p is
the mass density of the {luid, and £, f, and f, are the components of the resultant
force per unit volume, £, along x, y and z dircctions.

72 FORCES ACTING ON FLUID IN MOTION

‘U'he various forces that may influcnce the motion are duc o gravity,
pressure, viscosity, turbutence, surface tension and compressibility, The gravity
force F,is duc to the weight of the fluid and it is equal 1o ‘Mg’ The gravity
force per unit volume is equal o 'pg’. The pressure force [, is excried on the
fluid mass 1f there exists a pressure gradient between the two points in the
dirccuon of flow. The viscous force F, 1s duc to the viscosity of the flowing
flud and thos exists in the casc of all real fluids. The tarbulent flow F, is due 1o
the tirbulence of the flow, In the turbulent flow the {luid particles move from
onc raycr to other and therefore, there 15 a continuous momentum transfer
betw een adjacent layers, which results in developing additional stresscs (called
Reynolds stresses) for the flowing fluid. The surface tension force Fis duc to
the wohesive property of the {Tuid mass. It is, however, important only when
the depth of flow is extremely small. The compressibility force F,is duc 1o
the clastic property of the fluid and it 1s important only either for compressible
fluids or in the cascs of flowing fluids in which the clastic properties of [luids
arc significant.

if a certain mass of {luid in the motion is influcnced by all the above
mcunuoned forces, then according to Newton’s second taw of motion the
follwing cquation of motion may be writlen

Ma=F +F,+F,+ [+ [+ F, L (T3)

ffurther by resolving the various forces and the acceleration along the x, y

and z directions the {ollowing equations of motion may be obtained.

Ma, = Fpe + P o + oy + Frp + Fg + Foy
Ma, =Fp + Fpy + Fopy + Fo 4 Fo + I .03 a)
Ma, =Fy +F +Fo + Fp+ P+ F,

The subscripis x, y, z are introduced 1o represent the components of cach of
the forces and the acceleration in the respective directions.
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In most of the problems of the fluids in motion the surface tension forces
and the compressibility forces are not significant. Hence these forces may be
neglected. Then equations 7°3 and 7°3(a ) become

Ma = Fo+ Fo+ F 4+ F, (T4
and
May = Fo+ Fp + P + Fy
May, = Fo+ Fpy+ Fyy 41, (T4

Ma, =F,, +Fp, +F,, +F,,

Equation 7.4 (a) are known as Reynolas’ equations of motion which are
uscful in the analysis of the turbulent flows.

Further for laminar or viscous flows the turbulent forces alsc become less
significant and hence these may be neglected. The equations 7°4 and 7°4 (a) may
then be modified as

Ma = F+ F+ 1, L(7°5)
and
Maz =ng +pr +va
May = Fgy +F,y +Fy
Ma, =F, +F, +F,

Equations 7°5 (a) are known as Navicr-Stokes' equations which are useful

in the analysis of viscous flow,

Further if the viscous forces are also of little significance in the problems
of fluid flows, then these forces may also be neglected. The viscous forces will
become insignificant if the flowing fluid is an ideal fluid. However, in the case
of real fluids also the viscous forces may be considered 1o be insignificant if the
viscosity of the flowing fluid is small. In such cases the equations 7°5 and
7°5(a) may be further modified as

M, =F,+F, {776)
and

Ma, =F + F,,

Ma, = F, + F,, .. {76a)

Ma, = F, + 1,

Equations 7°6 (a ) are known as Euler's equations of motion.

A dctailed study of the Reynolds cquations of motion and the Navier-
Stokes equations arc beyond the scope of this book. The Euler's equations of
motion arc however dealt with in detail in the next section.

7°3 EULER'S EQUATION OF MOTION
As stated above in the Euler's cquations of motion only two forces, namely

the pressure foree and the fluid weight or in gencral the body force, are assumed
1o be acting on the mass of fluid in motion. Further in the derivation of these
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equations 15 assumed that the fluid is non-viscous, so that the pressure forces
may be coi idered to be acting in the direction normal 1o the surface.

Const crapoint P (x, y, z ) in a flowing mass of fluid at which let u, v
and w be . ¢ velocity components in the directions x, y and 2 respectively 5 p
be the ma. density of the fluid and p be the pressure intensity. Further let X,
Y and Z t - the components of the body force per unit mass at the same point.

A par: 'lelopiped of fluid with its edges of length 8x , 8y and 8z parallel to
x,y,and z xes is considered in the fluid mass with the point ”” (x,y,z) as one
of its corn 3, as shown in Fig. 7°1.

The v rious external forces acting on the parallelopiped may now be
evaluated. 'he mass of the fluid contained in the parallelopiped is (pdx Oy dz).
Therefore e total component of the body force acting on the parallclopiped in
the x direc 1on is equal to X (p&x &y 8z2).

Simil 1y the components of the body force acting on the parallelopiped in
the y and - directions are obtained as ¥ (pdx 8y 8z) and Z (p&x 8y 8z)
respectiver

Z
S Q'
)
R H
t d
[-1%
] Szi (prSX)SySZ
(pEyex Up(x,y,2)
Y i T~ R
O”’
Q Bx S’
0 X

I.g. 7°1. Elementary parallelopiped subjected to the pressure and
body forces
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The pressure intensity at the point P is p. Since the length of the edges of
the parallelepiped arc extremely small, it may be assumed that the pressure
intensity on the face PQR’S is uniform and equal to p. Thercfore the total
pressure force acting on the face PQR’S is in the direction normal to the surface

= (p by &2)

Since the pressurc p varies with x,y and z, the pressure intensity on the
face RS'’P'Q" will be
= (p + gf—ﬁx )

Therefore the total pressure force acting on the face RS'P'Q” in the direction

normal to the force
- 9P )
= (p +r7x ox } oy oz

Since there s a difference of pressure between the two end faces of the
parallelopiped, a net pressure force £, acts on the fluid mass in the x dircction,
the magnitude of which is obtained as

Fpx = pdy &z - (p +%%6x ) Sy &z
or Fox =4§‘% dx 8y &z (17a)

In the same manner the components of the pressure force in the y and z
directions may also be obtained as

) -
F, = (-— -a% éx 8y Oz ) L A{T7Th)
and £, = (— %L_)-Sx Oy Oz ) {770

The'components of the pressure force per unit volume may be obtained by
dividing both sides of equation 7°7 by the volume of the parallelopiped (6x dy
6z) as

ap
fox = - ox

-2 (7°8)
=

N/ 2
fou = 0z

Now adding the body force and the pressure forces and cquating to the
product of the mass and the acceleration in the x direction, in accordance with
the Newton's second law of motion, we get

X (px 8y 82) - 2L 8x 8y 52 = (p 6x &y 62) a,
dx

where a, is the component of the total acceleration in the x direction.

-
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D iding both sides by the mass of the fluid (pdx dy dz) in the
parallc piped and laking the limit so that the parallelopiped tends to point P,
we obi n the Euler's equation of motion in the x direction at any point in the
flowin: mass Ofﬂuiqj".s
1 .
*;;gaf—wx (79 a)

In “he same manner the cquations for the y and z directions may be
obtaimc : as

1 9 .
y = 22 (79 b
pay ~ % )
| , L _ |
and é—p 3, =% (79 ¢)
Eq ations 7°9 (a), 779 (6) and 7°9 (c) are known as Euler's equations of
motiol,

A mdicated in chapter 6 the acceleration componenis a, a,and a, may be
expres: “d in terms of the velocity components u,v and w as
Ju ou ou ou

axzw +u 3x +VW-+W 5,
v Jv ov

ly —-)[ 171 a +Vay + W {)
SO Ow ow e
R PG T

Su stituting these expressions for the accelerations in cquation 7°9, the
Euler's +juations of motion arc obtained as

Lop _du - ou ou  Ju
A A T o My VY 5 ]

Lo v 9 v = ov :
Y - 59y = 37t u 3 +v8y +w o | L(710)
[1___8./)_ dw ow dw ow

p oz ;)T+u3_,t—-+v 5)7”’ 0z

[ e derivation of these equations, no assumption has been made that the
mass di asity p s a constant. Hence these cquations of motion arce applicabic 1o
compre sible or incompressible, non viscous fluids in steady or unsteady state
of flow

74 INTEGRATION OF EULER'S EQUATIONS
Th. Euler's equations of motion can be integrated 1o yield the energy
cquatio  under the following assumptions.

(i1 There exists a force potential which is defined a¢ that whose negative
dertvatr ¢ with respect o any direction gives the component of the body force
per uni. mass in that direction. It is usually denoted by Q and according to the
definiti 1 given
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0
T oox
aQ
-5
.9

"oz

(if) The flow is irrotational i.e., the velocity potential exists or the flow
may be rotational, but it is steady.

X =
Y = (71D

and Z =

'(a) When the flow is irrotational. Considering the Euler's equation
of motion in one of the directions, we have

L _dw . u . w
T o e vt

It the flow is irrotational then as indicated in chapter 6
Qu _9v . du_Jdw
dy ~dx 9z dx
and u = - ;l@

o since the velocity potential ¢ exists for an irrolational flow.

du d a9
Then dt ~ ot \ ox
920 _ 9¢
T 01dx T dx o1
2
The order of differentiation has been changed meaning thercby that a—la—a%

2
 same as a—% which is however true only if ¢ is a continuous function
X
and its sccond derivative exists.

By substituting these values the equation of motion in the x direction
becomes

9% 1 0p P du v dw
“dx p dx  dxor TH .tV ox % ox
2Q 1 dp _ 0%¢ 1 ou? 1ov?2 1 9w?
or Tox p dx  9xo: +23;—+2_3-x—+2 dx
0 L ur+ vy 39
or ox [Q+ p+ 2 "5 =0

Now if it is assumed that the fluid is incompressible so that the mass

density p is independent of pressure, then integrating the above equation with
respect o x, we get

2 2 2
Q+-pL +L_+Tv;”_ﬁ_ __(%szl ()’.Z”)
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where /7 is an . oitrary function resulting from integration.

However i he tluid is compressible, so that the mass density p depends on
the pressure p, en integrating the above cquation with respect to x, we gei

2
AHJCLP_WL_“_E_.*L_VZJ_V_V__M =F, (5 zt)
P 2 dt

The above -quation is thus a more gencral equation which is applicable to

both compressi. lc as well as incompressible fluids.

If V represc ats the resultant velocity at any point whose components in the
x, vand z dire. 1ons are w, v and w, then

V2 o= (u?+ v+ w?)

and the integrat J equation becomes

\v¢gs )
Q- j(%)—+—';— —%ﬁ:ﬂ (y,z,1) AT 12 a)

By adoptis  the same procedure the other two Euler's equations of motion
for the y and z - .rections may also be integrated which may be written as

2 .
Q. j‘%’— +Y2——_%ﬁ- =F(x 2, 1) {712h)
2 Y.
and Q+J.—(?£—+z2—-—%¢—:ﬁ Gy 1) 7120
p <

In cquatio: ~ 712 (@), 712 (b) and 7712 (c) 1t is observed that the left 'nan/d

side of all thes. 2quations is same and therefore H
Fi.z )=F0z,0)=Fy(xy )

Since x, y and ¢ arc independent variables, the above equation .wxll hold good
only if these v .riables disappear from the functional terms, or in other words
the arbitrary fi .ctions £y, £, and F5 are the functions of the time aione or are
mere constants

Thus the t nal integrated form of the Euler's cquations of motion for all the
three direction: becomes one equation as

dp V* 90 _; (7°13)
Q+}( L Y gero (

which conwain: an arbitary function of time £ (1),
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Equation 713 is Known as pressure equation. 1n steady flow where there is
no change in the conditions with respect Lo time equation 713 reduces to

dp V2 _ .
Q+J p+2_c (7 14)

where C is an arbitrary constanl which is to be determined by the known

conditions of velocity, pressure and body force potential at some point in the
flow. ' -

If the body force exerted on the flowing fluid is only due to gravity and the
z -axis is $o oriented that z is measured in the vertical upward direction with
reference 1o a datum, then we have

_8_9._ . _a&_.o- @_(_2__ ¥
Tox T Tay TV T T

since the accelera ion due o gravity g is force per unit mass and it is
considered 1o be pe sitive when acting in the vertical downward direction. By
integrating the aboy - cquation, we get

Q =g2+C,

where C) 1s a constant of integration. Since at z =0, Q =0,sothat C; =0
and hence Q2 = gz .

Thus by substi. iting the value of Q in equation 7°14 it becomes

dp V2 .
f-g-+-2—+gz=c (7°15)

Equation 7°15 is known as Bernoulli's equation which is applicable for
steady irrotational flow of compressible fluids. If the flowing fluid is
incompressible then since the mass density p is independent of pressure,
equation 715 beconies

2V

P 2

Equation 7716 is also known as Bernoulli's equation which is applicable

for steady irrotational flow of incompressible fluids. Since the gravitational

acceleration g is constant, by dividing both sides of equation 7'16 by g, we
gel

+gz =C .(7°16)

-E—-+-‘-ﬂ— z =C"

Pg 2

g, Y. _~ :
or Wt 22 +z=C IRV

since specific weight w = pg and C’ is another constant.

Equations 715, 7 16 and 7°17 are the energy equations, since each term in
these equations represents the energy possessed by the flowing fluid. Each term
In cqualion 7°15 or 716 represents the energy per unit mass of the flowing
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fluid a. 1 in equation 7°17 cach term represents the energy por unit weight of the
flowin fluid. The energy per unit weight of the fluid is expressed as N.m/N ot
kg(f) - n /kg() , that is, it has a dimension of length and thercfore it is known
as hea . Thus in equauon 7717 the term -WL is known as pressure head ot static
vz : :
head; 37 1s kKnowa as velocity head or kinetic head »ud z 18 known as
poten: d head or datum head. The sum of the pressure head, the velocity head
and ¢ potential head is known as the total head or the total energy per unit
weigh of the fluid. The Bernoulli's equation 7°17 thus states that in a stcady,
irrotas onal flow of an incompressible fluid the total energy at any point is
const: L. In other words, if the Bernoulli's equation is applicd between any two
points in a stcady irrotational flow of an incompressible fluid then, we get
7% Vy?

-[11-—4,-7‘1——-{-21 :'9'2—'-{-"2—'0'27 (718)

w 2g w 2g ‘ :
wher the different terms with subscnpts 1 and 2 correspond to the two points
const. wred.

-~ . . ) .
. sum of the pressure head and the poteistial head i.c., (;ﬁ-— +z) is also
terni | as piezometric head. 1118 observed from equation 7718 that if Vais

. . @)
greai r than ¥y then the piezometric head ({;“ +27 ) must be less than the

. .
. . L3 R . . . .
piezs metric head (-fv— +2, ) However, if the two points considered hie along
¥

the « e horizontal plane z; = 2o, in which case the changes in velocily cause
cort .ponding change i the pressure.

‘urther, equation 7718 has been derived for an ideal fiuid which Is non-
visc us and hence there is no loss of energy. However, for the flow of real
fluic . since there is always some energy of the flowing fuid converted nto heat
duc o the viscous and turbulent shear and conscquently there is a certain
ame 1t of encrgy loss. Hence for the flow of real fluids, cquation 718 may be

mox..lied as

no Vi, Y
” + 2g + = " + 28 1'22+hL (I 19)

whe re i is the loss of energy (or head) between the points under consideraiion,

Equation 7719 can be applied, between any 1wo sections of a pipe or a
chunnel or any other passage through which a rcal fluid is flowing, by
corsidering the average values of the pressure intensity and the velocity. of flow
at . ich of these sections. .

(b) When the flow is steady but may not be irrotational. If the
flo v is rotational then also the Euler's cquation of motion can be integrated
alcag a stcamline provided the flow is stcady. For this isuler's cquation along a
cir imline may first be obtained as indicated below.
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(T()l}mdcr an clement of stream filament of cross-sectional area da and
length os along a strcamline as shown in Fig. 7'2. The various forces jxclin vo;
the clement are the body force and the pressure forces on the two ends‘ Lelég be
the component of the body force per unit mass in the direction s z'ilon y th
strc}amlm FUFFI]CT if p is the mass density of the fluid then the mass oéf Lhc
Suul colmamcd in the element of the stream filament is (p 8a &8s ). Tﬁercforec
ezlcug(l)lé) E()(r‘;]%(;nscgt of the body force acting on the element in the direction s is

1)

/’,._----———"—\\d~
(P+3-SPSS)SQ

¥
Fig 7°2. Elementary stream filament subjected to pressure and
body forces

If p is the pressure intensit |
: es¢ y on the left end of the element th
pressure force acting on this end is (p 8a ). ne then the toa!

Since the pressure p varies with the distance in the direction the pressure

intensity on the right end will be (p +58p_ ds )
$

Therefore the total pressure force on the right end of the element will be
/23
Pty Ss ) éa .

The net pressure force acting on the element is therefore

Fps = (péa) (p +§f— Os )&1

d
or Fy =~§s&555a
N NO.V’VlIf VhIS the velocity of flowing fluid at the element in the direction
ngential (o the streamline then as indicated in chapter 6 for steady flow the
acceleration in the direction tangential 10 the streamline is

OV 1 9v2
ds 2 s

Now according to the Newton's !
' second law i i i i
he streamline, ) of motion, in the direction of

ap
S(PSSSU)-‘é‘%Ss&zz(pss&a)(;— a—g‘:—z
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Dividing both sides by the mass of the fluid (pds 8«) in the element and
tak ny the limit so that the element is reduced to a point, we obtain the Euler's
¢y ation of moton in the s direction at any point on the streamline in the
flo wing mass of fluid as

Lo 19vZ (720)
pds 2 Js
The body force may be expressed in terms of the force potential as
s 00
T ds

then cquation 7°20 becomes
V2
9Q L dp  19V2
ds pds - 2ds . _ .
Now if it is assumed that the fluid is incompressible, then integrating the
above cquation with respect to s, we get
% .
Q+pL +o==C (721)
where C s a constant of integration, the value of which depcnds.on the
pa ticular streamline chosen and so the constant C will in general be different
f¢ different streamlines. . _ ‘
However if the luid is compressible then integrating the above equation
whrespect Lo s, we get

2
.2 2 ¢ (7722)
Jopo2

As stated earlier if the body force excried on the flowing fluid is due Lo
gi ity only, then we have

Q =gz
Thus by substituting the value of © m equation 7727 1t becomes
J’Ql’_+¥i+g§::c (7723)
p 2
For an incompressible fluid equation 7.23 becomes
2 .
Loy ige=C (7724)

Equations 7°23 and 7°24 are again Bernoulli's equations for compressilblc
an:d incompressible fluids respectively which are exactly same as equations 7°15
ard 7°16. .

Thus on the basis of the above analysis it may be concluded that if the
fl..w is irrotational then the same Bernoulli's equation is applicable to all the
points in the flow field, that is for all the strecamlines the value of the constant
is same. However, for the rotational flow, the Bernoulli’s cquation 18 applicable
ouly to particular strecamiine that is the value of the constant is different for
different streamlines.
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7°5 BERNOULLI'S EQUATION DERIVED FROM TE
PRINCIPLE OF CONSERVATION OF ENERGY

As stated earlier each term in the Bernoulli's equation 7°17 represents t
energy possessed by the flowing fluid per unit weight of the fluid. Therefore t
Bernoulli's equation may be considered as an energy equation applied to
flowing fluid. The general encrgy equation for the flow of fluids may be deriv
on the basis of the principle of conservation of energy and is essentially
complete accounting of the work done on the fluid and the resulting change
energics of the flowing fluid. Therefore, Bernoulli's equation may also |
derived on the basis of the principle of conservation of energy as indicat
below.

Consider a free body of flowing fluid occupying a portion of a stream tut
between two arbitrarily chosen sections 1-1 and 2-2 atany instant of time ¢, :
shown in Fig. 7'3. In a small interval of time dt the fluid moves a sho
distance to a new position 1'-1' and 2'-2" at another instant of time ¢, . Therefor
(&2 t) equals dr. .

dm = £ v,dtda,

IN STEADY FLOW TMERE IS
NO CHANGE IN THE STATE
OF THE FLUID MASS
BETWEEN SECTIONS I-i'
’“ AND 2.2 DURING dt

MACHINE
WORK

y

] —DATUM

Fig. 7°3 Change of energy of flowing fluid in a streamn tube

Thc, general encrgy equation describing the motion of fluid in the stream
tube during dr can be expressed as follows ;
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[ Work done on the M echanical
fluid by external | + | work performed
| forces during dr on the fluid

Total encrgy of Total energy of
= fluid between - | fluid between
I'-Tand 2-2'at r,| [1-1ad 2-2at¢,
E {
Total energy of

But fluid between

I'-1'and 2-2' at t,

[ Total energy of
=] fluid between +
I'-1'and 2-2 at ¢,

Total energy of
fluid between
2-2and 2'-2'at ¢,

i Total energy of

and fluid between

I-1and 2-2at ¢,

3 Total energy of
=] fluid between + fluid between
l-land I'-1"at ¢, I'-1'and 2-2 at ¢,

For steady flow the state of the flowing fluid in the stream tube within the

Total energy of

region bounded between sections 1' — 1' and 2 - 2 remains unchanged with
respect to time. Thus

[ Total energy of Total energy of
fluid between =| fluid between
| I'-1"and 2-2 at ¢ I'-1"and 2-2 at 1,

Hence the general energy equation for the steady flow of fluid is reduced to

the following form

2-2

['Work done on the M echanical
fluid by external | *|work performed
forces during dt on the fluid

[ Total energy of |1 [ Total energy of ]
=1 fluid between |[-| fluid between
2-2and 2-2'at t,| [1-land I'-1'at ¢,

Further when the flow of fluid is steady, the mass flow at sections 1-1 and

during time d being the same, the following continuity equation holds :
[ Fluid mass Fluid mass
between sections | = | between sections
1-1 and 1'-1' 2-2 and 2'-2'

Let p, and p; be the pressure intensities and V, and V be the velocities of

flow at sections 1-1 and 2-2 of the stream tube where the cross-sectional areas
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of the wbe are dA, and dA, respectively. Then the pressure forces (pidA))

(p2dA,) act at sections 1-1 and 2-2 respectively. During the time interval dt
pressure force (p1dA;) acting at section causes the liquid mass to move thro
a distance (Vdt ). Thus the work done by the pressure force (p;dA;) on the
body of the fluid in the stream tube during the time dr is + (p,d A;) (V,
The positive sign indicates that both the pressure force and the distance thro
which it acts are of the same direction. Similarly the work done by the press
force (p,dA,) at section 2-2 on the free body of flowing fluid in the stream t
is — (padA;) (Vadr ). The work done is negative because the pressure fc
(P2d Ay) and the distance (V,d! ) through which it acts are of opposite direct.
Thercfore the net work performed by the pressure forces on the free body of
fluid in the stream tube during the interval of time dr is [(p1dA) (Vid
(p2dA,) (Vadt)). Now if dm is the total mass of fluid flowing across sectior
1 during the time interval dt, or dm is actually the mass of fluid in the stre
tube within the region between sections 1-1 and 1'-1', or between sections '
and 2'-2', as shown in Fig. 7°3, and if p, and p, are the mass densities of
flowing fluid at sections 1-1 and2-2, then

(VidA) di =<2 . and (V,dAy) dr = 27
P P2

By substituting these values the net work done by the pressure forces
the free body of the fluid in the stream tube becomes [(p,/p,) — (py/g,))dm. "
pressurc force on the boundaries of the stream tube from the adjacent fluids
everywhere normal to the surface and therefore the work done by them is zex

In between sections, 1-1 and 2-2 there might be some mechanical dev
such as a pump which performs work on the fluid and puts mechanical ene;
into it, or there might be a machine such as a turbine on which the fl
performs the work and hence some of the energy possessed by the flowing fl
is utilized. If A, represents the work done on the fluid by the machine or
work done by the fluid on the machine, per unit weight of the flowing fl
then the total amount of work performed on the fluid or by the fluid may
denoted by (+h,,gdm) or (~h,.gdm ) respectively.

As shown in Fig. 7°3, with reference 10 an arbitrarily chosen datum,
gravitational potential energies of the fluid in the stream tube in the regic
bounded by sections 1-1 and 1'1" and 2-2 and 2'-2' are (z,gdm) and (z,8d
respectively, where z; and z, are the elevations in metres of these two regic
above the chosen datum. The change in gravitational potential energy of |
flowing fluid in the stream tube during time d is, therefore, (22— z1) gdm.

The kinetic energies of the fluid in these two regions are respective
(V13/2)dm and (V,%/2)dm. Therefore the change in kinetic energy of tl
flowing fluid in the stream tube during dt is dm (V,2-V,2)2.

Thus for the steady flow of the fluid in the stream tube of Fig. 7'3, t
general energy equatiqn may be expressed in the mathematical form as follow
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'Work donc on the M echanical
flud by external | | work performed
forces during dt on the fluid J
Total energy of
fluid between
1-1and 2-2al ¢,
{

[ Total energy of

= fluid between -
I'-T'and 2-2'at ¢,

[ Total energy of

But fluid between
I'-1"and 2'-2"at 1,

[ Total ener gy of

=1 fluid between +
I'-1"and 2-2 at ¢,

Total encrgy of
fluid between
2-2and 2-2"at ¢,

Total encrgy of

and ftuid between
I-land 2-2 at 1,
[ Total energy of Total encrgy of
. =1 fluid between + fluid between

I-lad I'-1"at ¢, I'-1"and 2-2 at ¢,

For steady flow the state of the flowing fluid in the stream tube within the
rcgion bounded between scctions 1" — 1' and 2 - 2 remains unchanged with
respect to time. Thus

Total energy of Total energy of
’V fluid between J ={ fluid betwecen }
11'-1"and 2-2 at ¢ '-1"and 2-2 at 1

Hence the general encrgy equation for the steady flow of fluid is reduced 1o
the following form
[ Work donc on the M echanical
fluid by external | £ {work performed

forces during dt on the fluid |
[ Total ener gy of Total energy of
={ flud between {—{ fluid betwoen

2-2and 2-2'at 1, |1-land 1'-1"at 1,

Further when the flow of fluid is steady, the mass flow at sccfions I-1 and
-2 during time dr being the samc, the following continuity equation holds :

Fluid mass Fluid mass
between sections | = | between sections
1-1 and 1-1' 2-2 ad 2'-2'

Let p; and p, be the pressure intensities and V; and V, be the ve.loci[ies of
flow at sections 1-1 and 2-2 of the stream tube wherc the cross-sectional areas
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of the wube are dA| and dA, respectively. Then the pressure forces (p,dA,) and
(p2dA,) act at sections 1-1 and 2-2 respectively. During the time interval d¢ the
pressure force (p;dA)) acting at section causcs the liquid mass to move through
a distance (V,dt ). Thus the work done by the pressure force (p;dA,) on the free
body of the fluid in the stream tube during the time dt is + (p,d A,) (V,dt).
The positive sign indicates that both the pressure force and the distance through
which it acts are of the same direction. Similarly the work done by the pressure
force (padA,) at section 2-2 on the free body of flowing fluid in the stream tube
is ~ (padA}) (Vadt ). The work done is negative because the pressure force
(P2d Ay) and the distance (Vadt ) through which it acts are of opposite direction.
Therefore the net work performed by the pressure forces on the free body of the
fluid in the stream tube during the interval of time dr is [(p1dA) (Vidr) -
(P2dAy) (Vadt )]. Now if dm s the total mass of fluid flowing across section 1-
1 during the time interval di, or dm is actually the niass of fluid in the stream
tube within the region between sections 1-1 and 1'-1', or between sections 2—2
and 2'-2', as shown in Fig. 7°3, and if p, and p, arc the mass densitics of the
flowing fluid at sections 1-1 and 2-2, then

VidA) di =32 and (Vyday) de = -2
P P2

By substituting these values the net work done by the pressure forces on
the free body of the fluid in the stream tube becomes [,/py) - (p/pyldm. The
pressure force on the boundarics of the stream tube from the adjacent {luids arc
cverywhere normal to the surface and therefore the work done by them is zero.

In between sections, 1-1 and 2-2 there might be some mechanical device
such as a pump which performs work on the fluid and puts mechanical energy
into it, or there might be a machine such as a turbine on which the fluid
performs the work and hence some of the energy possessed by the flowing fluid
is utilized. If h,, represents the work done on the fluid by the machine or the
work done by the fluid on the machine, per unit weight of the flowing fluid
then the total amount of work performed on the fluid or by the fluid may be
denoted by (+h,.gdm) or (~h,.gdm ) respectively.

As shown in Fig. 7°3, with reference to an arbitrarily chosen datum, the
gravitational potential cnergies of the fluid in the stream tube in the regions
bounded by sections 1-1 and 1'1" and 2-2 and 2'-2' are (z,8dm) and (z,gdm)
respectively, where z) and z, are the elevations in metres of these two regions
above the chosen datum. The change in gravitational potential cnergy of the
flowing fluid in the stream tube during time d! is, therefore, (z,- z,) gdm.

The kinetic cnergics of the fluid in these two regions are respectively
(Vy¥2)dm and (V,2/2)dm. Therefore the change in kinetic energy of the
flowing fluid in the stream wabe during di is dm (V,2-V,2)/2.

Thus for the steady flow of the fluid in the stream tube of Fig. 7°3, the
general cnergy equatign may be expressed in the mathematical form as follows :




310 HYDRAULICS AND FLUID MECHANICS

/ 2! P2 dm ) 2 .

L-P_x_ - l_)_; dm th,gdm = (29 - z,) gdm += (Vor=Vy9) -(7°25)
Dividing both sides by the common factor (gdm) and rearranging the

various terms, the general energy equation 7°25 takes the following form :

p_ V2 Py Va2
Stz Eh, = e e (726
pig 28 p2g 28 ° (7°26)

Equation 7°26 is valid for the flow of both compressible and
incompressible fluids. However, if the flowing fluid is incompressible then
P1= P2 = p = constant, then cquation 7'26 becomes

p_ V2 pa Vi? .
e} s + e i
o+ 22 +z; th, oo 22 +25 (7727

since specific weight w = pg.

Now if there is no mechanical device in between the scctions 1-1 and 2-2,
then neither any work is done on the fluid nor any work is done by the fluid and
hence h,, = 0. Equation 7°27, then becomes

V2 V,2
L b2, = B2 L2 +2, -(728)
wo 2g w2

Since both the scctions -1 and 2-2 are chosen arbitrarily, it follows that
for any section

£L+-ZZ-— +z = conslant .(729)
13% Iy

which is Bernoulli's equation for the sicady flow of an incompressible non-
viscous fluid in a stream tube, as derived carlier. However, for the steady flow
of an incompressible real fluid there is certain loss of useful energy caused by
the viscous and turbulent friction. Thus if k; represcnis the loss of energy per
unit weight of fluid between the sections 1-1 and 2-27 cquation 7°28 may be
modificd as

povt LoV :
= +2g +z = +2g +29 +hy L(7730)

which states that in steady flow of real fluid the total head (or total energy per
N or per kg (f) of flowing fluid) at any scction is cqual 1o that at any

subsequent scction, plus the loss of head (or loss or energy per N or per kg(f) of

flowing fluid) occurring between the two sections.
7°6  KINETIC ENERGY CORRECTION FACTOR

In the Bernoulli's equation derived above the velocity head or the kinetic
energy per unit weight of the fluid has been computed on the basis of the
assumption that the velocity is uniform over the cntire cross-section of the
strcam tube. But in the case of flow of real fluids the velocity distribution
across any cross-sectional area of the flow passage is nbt uniform. Therefore
along any cross-section the velocities of flow will be different at different
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points and the total kinetic cnergy possessed by flowing fluid at any sectlion
will be obtained by integrating the kinetic encrgics possessed by different fluid
particles. If v is the velocity of flowing fluid at any point through any
clementary area 'dA’ of the cross-section, then the mass of fluid flowing per
unit time will be (pvdA ) and the kinetic encrgy of this mass of fluid will be

2
(pvdA) %)- .The total kinelic energy possessed by the flowing fluid across the

entire cross-section A is

3
J" P —%—dA=§:T L v3dA (7°31)

By knowing the velocity distribution across any cross-section the actual
Kinctic cnergy possessed by the flowing fluid can be determined by using
cquation 7°31.

It is however more convenient 1o express the kinetic encrgy of the flowing
fluid in terms of the mean velocity of flow. But the actual kinetic energy
possessed by the flowing fluid is greater than that computed by using the mean
velocity. Hence a factor called kinetic energy correction factor represented by o
(Greek "alpha’) is introduced; so that the kinetic encrgy computed by using the

mean velocity V may be cxpressed as ((x 5:7-/4 V3 ) and it is equal to the

actual total kinctic energy possessed by the flowing fluid. Thus equating the
two, the value of the kinetic energy correction factor o may be obtained as

W 3w | s
angV..zg JAvdA

Thercfore o !

=AV3 { V3Ci/4 (732)
JA

Mathematically, the cube of the average is less than the average of the

cubes, that is V3< Z]_J v dA; the numerical value of o will always be greater
SA

than . The actual value of o depends on the velocity distribution at the flow |

section. The value of o for turbulent flow in pipes lics between 1'03 to 1706,

which is very close to 1, because in urbulent flow the velocily distribution is

very close Lo uniform velocity distribution, However, for laminar flow in pipes

the value of o is 2.

In the application of the Bernoulli's equation between any two sections if
the velocity distribution is non-uniform then the kinetic cnergy correction
factors will be required o be introduced if the kinetic energy is expressed in
lerms of the mean velocily at each section. Thus equation 7°30 is modified as
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n V2 n V52 .
{;L-i-(x] §+21 =Ty E‘z—+27 + (733

i which o and o, arc the energy correction factors at sections 1 and 2
respectively. However, in most of the problems of wrbulent flow the value of
w is nearly cqual to 1, and therefore it may b¢ assumed as once without any
appreciable error being introduced.

7°7 BERNOULLI'S EQUATION FOR A COMPRESSIBLE
FLUID

As indicated earlier for a steady irrotational flow of a compressible fluid,
Bernoulli's equation is expressed by equation 7°15 as

dp V2
D + ) +gZ—C

in which 1t 1s assumed that the kinctic encrgy correction factor a is equal to
unity. The flow of a compressible {luid may take place with either isothcrmal
ot adiabatic changes of volume, and therefore the pressure term in the above
squation may be integrated by using the perfect gas laws as indicated below.

{a) Isothermal change. For isothermal change, we have

) ,
L2 K or L__ K
P Pg
where K and K7 are constants.
By substituting the value of p in the above cquation and integrating the
pressure term, we get

V2
K loge p+3—=+4g2=C (734 a)
% '
or gK’ loge p +5T gz = C (7734 b)
Applying the above equation between any two sections 1-1 and 2-2, we
get
i 40 ’ V t V 2 :‘:"\ Y ity .
Kiog, pi -—-+g21 iy log. ', + Eovgy, M (7 35 a)
V2 , V2
or  gK'log, pi+——+ gz = gK'log, 2 + 3=+ g2, (135 b)
Equation 7°35 may also be cxpressed as
V.2 V.2
Klng(Pl/Pz)="‘22"'-'2L‘+g (z2-21) (735¢)
2 V}z
or K’ log. (pi/p2) = -+ (22~ 21) (735 d)

2g 2g

SRR
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For a gas, the potential head terms z, and z, are usually small as compared
with the pressure head terms and hence the same may be neglected. Equation
7°35 then simplifies to

V2o V2 .
Klog, py/p)=—-—5— .(7°36a)
V2o V)2
K'log, (pupy) ===~—-=— (7736 b)
or g (pupy) = 2¢ 2

Equation 7°35 holds good for a frictionless isothermal flow of
compressible fluid for which there is no less of energy as the fluid flows.
However, if there is some loss of energy between the sections 1-1 and 2-2,
represented by head loss 4, then equation 7°35 may be modified as

V2 V)t .
K log,p, + 5Tt sn =K log, py + 380 +ghy (T 37a)
, V,? , Vy? .
or K'log,m + 2—g—+2‘ =K’ log, p, +7£- +25 +hy L(T°37b)
(b) Adiabatic change. For adiabatic change, we have
Sr=Crior =G

where €, and C,' are constants and & is adiabatic exponent or adiabatic
constant.
Differentiating the above cquation, wc get

-(-j% Cikp*t; or —Q—Ckpk2 ip
and % = ¢y gkk ! ;or;)ﬂ = C gtk pt-2dp

By substituting the value of (dp/p) in equation 7°15 and integrating the
pressure term, we get

pk -l
Cik % -1) V2+gz-C
k-1
or Clgkkz‘/:L“' V2+gz—C
whxch maybeexpressqq kbt
AR k ‘1“%134'— oK ‘,I (7 38‘6
. "‘k: ﬁ,w it 3 .
| k_p Vo _
o il w tag ti=C (1738 b)
Applying the above equation between any (wo sections 1-1 and 2-2, we
get
kp V2 _ kP2 V2 .
F-ip, T2 MTE-1p, T2 t8m T30
' oo W ko B v o
and " 22 VT k 1w, T2g tR (739 b)
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Again for a pas the potentind heod (enms ¢ and 2o ore usually small ag
compared with the pressure head terins and the saie may be neglected so that
cquation 7739 simplifies o

/\' 9] V*,?‘ ,i 15 \]E‘ -
A I NS I (AP (7740 @)

k op WP kK pa V2 :
G R L L S T (774
or k-1 w, +2g k-1 w F'2g (7400)
Equation 7°39 is applicable for a frictionless adiabatic flow of compressible
fluid for which there 1s no loss of cuergy as the fluid flows. However, if there
1s some loss of encrgy between the sections 1-1 and 2-2, represented by head
loss #;, then equation 7°39 may be modified as

k_op V2 kopa VR :
o1 o, P T r g =T ;2+--—2 + gy + ghy A(T'41 a)
kK p V2 k py Vit .
F NS SR . SN i S 2 (T4
or " + 2 +z, T v, + e +25+hy (7°41b)

7°'8 PRESSURE VELOCITY RELATIONSHIP
If the two sections in a flowing fluid are lying at the same height above
the assumed datum then z; = z, and the Bernoulli's equation applied between
these sections reduces to
m V2 9%
AN U o T R (7°42)
w28 w o 2g
which gives the pressure velocity relationship. Equation 7°42 is also applicable
to the problems of fluid flow in which the effect of the fluid weight may be
neglected. These include the problems of gas flow and the flow of liquid in
horizontal pipes. If the energy foss between the two sections can be neglected
then equation 7°42 becomes
) Vv 2 ), V'>2
AT B (& T 2 (7°43)
w28 w 2g
It is indicated from equation 7°43 that il tie flow passage is such that V,
the velocity of flow at section 2 is greater than Vo the velocity of flow at
section 1, then p; the pressure at section 1 will be greater than p, the pressure
at section 2 so that equation 7°43 will be satished. In actual practice also it is
observed that if at any section of flow passgac due 1o the considerations of
continuity, the velocity of flow increases then the pressure at this section
reduces and vice versa.
79 JAPPLICATIONS OF BERNOULLI'S EQUATION
7 Bemoulli's equation finds wide applicatior in the solution of many
problems of fluid flow. The other equation which is commonly uscd in the
solution of the problems of fluid flow is the continuity equation. Both these
equations combinedly form a very usclul o} in the solution of many problems
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of fluid flow. Some of the simple applications of Bernoulli's equation are
discussed in the following scctions.
7'10 VENTURI METER

A venturi meter 18 a device which is used for measuring the rate of flow of
fluid through a pipe. The principle of the venturl meter was first demonstrated
in 1797 by lialian physicist G.B. Venturi (1746-1822), but the principle was
first applied, by C. Herschel (1842-1930) in 1887, to develop the device in its
present form for measuring the discharge or the rate of flow of fluid through
pipes. The basic principle on which a venturi meter works is that by reducing
the cross-sectional area of the flow passage, a pressure difference is created and
the measurement of the pressure difference cnables the determination of the
dischiarge through the pipe.

As shown in Fig. 74 a venturi meter consists of (1) an inlet section
followed by a convergent cone, (2) a cylindrical throat, and (3) a gradually
divergent cone, The inlet scction of the venturi meter is of the same diameter as
that of the pipe which is followed by a convergent cone. The convergent cone
1s a short pipe which tapers from the original size of the pipe to that of the
throat of the venturi meter. The throat of the venturi meter is a short parallel-
sided wbe having its cross-sectional arca smatier than that of the pipe. The
divergent conce of the venturi meter is a gradually diverging pipe with its cross-
scctional arca increasing from that of the throat to the original size of the pipe.
At the inlet section and the throat, i.e., sections 1 and 2 of the venturt meter,
pressure taps are provided through pressure rings as shown in Fig. 7°4.

The convergent cone of a venturi meter has a total included angle of 21°+1°
and us length parallel to the axis is approximately equal to 27 (D-d ), where D
is the diameter of the inlet scction and o is the diameter of the throat.

B

Fig. 7°4 Venturi meter

The length of the throat is equal 1o d. The divergent cone has a total included
angle lying between 5° o 15°, (preferably about 6°). This results in the

1S 1 4477-1975 provides detailed specifications for venturi melter.
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Fig. 7'14 Free liquid jet

Further if V), V, and V3 are the velocitics at points 1, 2 and 3 along the
jet, which are at heights z;, 23 and z respectively above the assumed datum,
then according o Bernoulli's equation for no losses, we get

PR e PIL RE PIACRET

The velocities Vy, V, and V4 ctc., can also be resolved along x gnd z
directions. Al the topmost point 2 of the trajectory the vclpcity Vs, lel .be
acting parallcl 10 the x dircction and therefore its components in the z d_uccu(l)]r:
will be equal to zero. Moreover, ther¢ 1s no acceleration In x dll’CCLlOI’I: the
velocity component in the x direction is same at all the points along the jet,

that is,

+2q

(Vo) = (V)= Vo= (V3), and soon.

Further it is observed that from point 0 to 2, the z compqncnl of ?:hp
velocity decreases, at point 2 it is cqual to zero and from point 2 10 3.1t
INCreases. I

The basic equations of projectile motion may be used 1o determine the
velocily components at any point aiong the trajectory. ..rhus if Vis .Lhc velocity
and V, and V, are its components in the X and z directions respectively at any

y 1 « e
point A on the trajectory which is at a height z above the assumed datum, then

we have .
Ve = (ol )
and V, = (V- ()
Further the coordinates of the trajectory are expressed as follows
FTAY Al

EQUATIONS OF MOTION AND ENERGY EQUATION 331

(z-29) = (Vo) ! “"218“ : v

where 1 is the time elapsed after the liquid jet leaves the nozzle. By combining
cquations (i) and (iv), we get :
V,t = (Vo),?- 28 (z-2) ..(v)
For point 2 since z component of velocity is zero, from cquation (v ) the
maximum vertical elevation of the jet profile is obtained as
Vo) ? .
(2= 20) max = 72 .(7°53)

By climinating 't' between cquations (i#7) and (iv) and combining the resulting
cquation with equation 7°53 it can be shown that the horizontal distance of
point 2 from point 0 is oblained as
/- Vo), Vo), _ Vo?sin 20
8 2y
As can be seen {from equation 7754 the distance L will be maximum for the
given velocity when angle 6 is equal to 45°.
In Fig. 714 the total energy (or hcad) line is also shown which is
horizontal since there are no losses. Obviously the total energy line 1s at a
V,? (Vo)x2 (V1)l2 (V3)12

. - 2 . .
distance of —=— | whichis alsocqualto and above

2g 26 7 2 2g

(7°54)

point 2,

P

77°16) VORTEX MOTION

w7 Bernoulli's equation may also be applicd to the problems of vortex motion.
A rotating mass of {luid 1s known as vorex and the motion of rotating mass of

fluid is known as vortex motion The vortex motion is of two types viz., free
vortex motion and forced voriex motion.

A free vortex motion is that in which the fluid mass rotates without any
cxternal force being impressed on it. In this motion the whole of the moving
mass of fluid rotates cither by virtue of some intcrnal action or due 1o rotation
previously imparted to it. Hence in a {ree vortex motion no expenditure of
cnergy from any external source takes place. Some of the examples of a free
vortex motion are : a whirlpool in a river ; the flow of a liquid drained through
an outlet provided in the bottom of a shallow vessel such as a wash basin or a
bath tub draining water through an outlet at a bottom ; flow around a circular
bend ina pipe system ; flow of liquid in a centrifugal pump casing after it has
left the impeller @ flow of water in a turbine casing before it enters the guide
vancs, clc,

A forced vortex motion is that in which the fluid mass is made to rotate by
mcans of some external source of power, which exerts a constant torque on the
fluid mass, thereby causing the whole ass of fluid to rotate at constant
angular velocity . As such in'a forced vortex motion there is always a
constant external torque required to be applied to the fluid mass resulting in an
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PTG O CHCEEY. A THUSE Curiiie o v aadipiC e o o e X OLOA 18
that of a vertical cylinder containing liuid rotated about its central axis with a
constant angular velocity. Some of the other examples of forced vortex motion
are the flow of liquid inside the impeller of a centifugal pump ; flow of water in

the runner of a turbine elc.

(p+ §Edr)da

STREAMLINES

®

z
(p+ ag dz)rdedr

-~

AXIS OF
ROTATION _~T
(Pgrdedrdz)— dz
LT
(prdedr) z
+ r dr 1
~DATUM

(b)
Fig. 7°15 Vortex motion : (a) plan view of a vortex motion
(b) elevation of a vortex motion

A vortex motion may also be characterised as cylindrical vortex motion and
spiral vortex motion. A cylindrical voriex motiorn, is that in which the fluid
mass rotates in concentric circles f.e., this mouon may be described by
concentric circular streamlines. A spirai vortex motion is a combination of
cylindrical vortex motion and radial flow that is, when a g:ylindrical vorlex
motion is superimposed over the radial flow, then the resulting vortex motion
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1s known as spiral vortex motion. All these types of vortex motions can exist
independent of cach other so that any of the four types of the combination of
vortex motions is possible, viz., (a) Cylindrical frec vortex ; (b) Cylindrical
forced vortex ; (c¢) Spiral free vortex ; and (d) Spiral forced vortex. In the
following paragraphs different types of vortex motions have been analysed.

Fundamental differential equations representing the variation of pressure in
a cylindrical free and forced vortex motion may first be developed. In a
cylindrical vortex motion the fluid particles rotate along circular path at a
constant speed. When the fluid particles move at a constant speed along a
curved path, the pressure within the fluid mass on a horizontal plane varies in
the radial direction only. This variation in the fluid pressure may be determined
by considering the dynamic equilibrium of an element of fluid mass within a
stream tube moving in a curved path on a horizontal plane as shown in Fig.
7°15. The fluid element of mass (pdAdr)is located at a distance r from the centre
of its curved path where its tangential velocity is v. Since the magnitude of the
tangential velocity is constant, there exists no variation of pressure in the
tangential direction. However, on the two radial faces there exists a difference in

the pressure forces (pdA ) and [(P + %‘%dr)dA] due to the centrifugal force

on the fluid element. Therefore

P 2
(p + giLdr )dA-—pdA=pdAdr :—

o_ v :
or =P (T 55_)
If there is no acceleration (other than gravity) in the vertical direction then
considering the equilibrium of fluid element in the vertical direction we have
from Fig. 715 (b)

prd 6 dr—(p +-§Zﬂdz ) rd 8dr = pg rd6 drdz

0
or 5ZL= -pg ..(7°56)

Equations 7°55 and 756 are the fundamental relationships which may be
used for studying the flow characteristics in vortex motion. It may be noted that
equations 755 and 756 are same as equations 5°17 and 5°18 derived in Chapter
S.

(a) Free vortex motion. As stated earlier in free vortex motion no
external torque is required to be exerted on the fluid mass. Therefore the rate of
change of angular momentum of the flow must be zero. Thus again referring to
the fluid element in Fig. 7°15, if m is the mass of the fluid element then
following equation of angular momentum of flow may be obtained,

agmvr!_o
ot -
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which upon integrating, becomies
vr =constant = C LT85T

It is thus scen froni equation 7°57 that the velocity of flow in a free vortex
motion varics inveérsely with the radial distance trom the centre of vortex
motion ; that is when 7 — oo, v — (), and for r —» 0, v —» o, The point where
the velocity v becomes infinite is called singular point. This condition for the
velocity of flow to approach infinitely large magnitude at the centre of a free
vortex motion is however not developed in actual practice as explained below.

URFACE

“ . TOTAL ENERGY LINE

DATUM -

Fig. 716 Free vortex mution

For a free vortex motion the circulation around any strcamlinec may be
calculated as I = (2rr)v = 2rC, which is mndependent of . Hence the
circulation around all the strcamlines of a free vortex motion is constant,
Further it may be shown that the flow-ficld of a frece vortex motion is
everywhere irrotational except at the axis and therefore the free vortex motion is
also called irrotational vortex motion. It is thus obscrved that for a free vortex
motion although the circulation around the various streamlines is not cqual to
zero yet the motion is irrotational. This paradoxical situation may however be
made clear as follows. If the axis which is a singular point in this case is
separated from the rest of the flow field by enclosing it within an infinitesimal
area surrounded by a streamline considered at an infinitesimal distance from the
axis then since the circulation around the various streamlines is constant, it
may be readily shown that the net circulation for the entire flow-field outside
the infinitesimal area is equal to zero which thus satisfies the condition for an
irrotational motion. Within the infinitesirnal arca close to the axis the flow is
rotational. The foregoing analysis of a free vortcx motion is valid only for ideal
fluids. In the case of a real fluid, in the central region of a free vortex mouon
the viscous effects become quue prpdomlnanl duc to which a central core of
fluid -+ rotational motion is developed in which the fluid tends 1o rotawe as a
solid boay with vclocity proportional to the radius as in the casc of a forced
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vortex as indicated later. Farther away from the central region where the viscous
effects are negligible irrotational motion is developed. Equation 7°57 then
applics only to the region farther away from the central region of a free vortex
motion. As such in the casc of real fluids a combination of free and forced
vortex mouon frequently occurs which is known as Rankine vortex motion.
The motion of air mass in a tornado is found to approximate this type of
combined vortex motion.

The irrotationality of a free-vortex motion may also be visualized by
developing a free vortex motion with a free surface on which small particles of
some light-weight material capable of floating are placed. It will be seen that as
these particles move with the fluid they'do not’ rplale about their axes, which is
indicaled by a line marked on the particle remaining parallel o itself during the
different positions of the particle.

By introducing equation 7°57 in equation 7°55, the radial pressure gradient
for a frec vortex motion becomes

P . :
= ~(1'58)

The distribution of the fluid pressure in a free vortex motion is obtained by
integrating both equations 7°56 and 7°58 between any two points 1 and 2 in the
fluid (Fig. 7°16 ) and their results combined in the following form :

P2—P1 == C2(1 )+g (z1 - z3) ..(7'59)

Again from cquation 7°57, vr = vy ry = v, ro = C, the above expression can
be rearranged and writlen as
2 2
oY P2 V2
+ =+ g == + S+ gz
P 2 82 p 2 8 2
which indicates that Bernoulli's cquation for the flow of an ideal fluid also
applics to the free vortex motion, Since the points 1 and 2 have been chosen
arbitrarily, this equation thus provides an additional proof of the irrotationality
of a frec vortex motion.

The profile of the free surface of a free vortex motion is obtained by
considering p; = p 3 = p,= 0 in equation 7°59. Thus

lrec o N
(@2-n)=3 P e s ..(7°60)
1 (2 .
or =27 g_r2 .(7°61)

as shown in Fig. 7716 ; here p, denotes atmospheric pressure.

(b ) Forced vortex motion. As stated earlier forced vortex motion
occurs when a constant torque is applied to'the fluid mass. This type of motion
may be developed if a tylinder containing some 'liquid is rotated about'its
vertical axis at a constant angular velocity . The liquid inside the cylinder is
forced to rotate with the cylinder. In this case also [which has already been dealt
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with in Chapter § section 5°5] the sticamiines are concentric circles and the
velocity v of any liquid particle at a distance 7 from the axis of rotation may be
expressed as
V=ro ..(7'62)

Equation 762 therefore indicates that in a forced vortex motion the
velocity of flow is directly porportional (o its radial distance from the axis of
rotation.

By substituting the value of v in equation 7°55, the pressure gradient in
the radial direction for a forced vortex motion becomes

;;‘-{.’— = pro? ..(7°63)
Again the distribution of the fluid pressurc in a forced vortex motion is
obtained by integrating both the cquations 7°56 and 7°63 between any two
points 1 and 2 in the fluid and their results combined in the following form :
PPy
o

Equation 7°64 shows that, in a forced vortex motion, (1) on any horizontal
planc (i.e., z; 7 z,) the fluid pressurc increases with the radial distance from the
centre of vortex motion ; (2) surfaces of constant pressure (i.e., p; = p,) arc
paraboloids of revolution ; and (3) the free surface (i.e., p,=p,=p,)isa
special surface of constant pressure and is also a paraboloid of revolution.

The forced vortex motion is essentially a rotational motion because every
fluid particle in such a motion is also found to rotatc about its own axis as it
moves along the curved path. Mathematically also it can be shown that a
forced vortex motion is rotational. Therefore i a forced vortex motion the
Bernoulli's equation may although be applied to the same streamiline, it cannot
be applicd between points on different streamlines, which is also indicated by
equation 7°64,

1
=5 @ (RP-r?)+g (-2 (7°64)

As stated carlicr a spiral vortex motion is a combination of a cylindrical
vortex motion and radial flow. Hence before analysing spiral vortex motion
is essential to discuss the radial flow, which is described in the next section.

717 RADIAL FLOW OR RADIAL MOTION

When a fluid flows in radial direction, so that the pressure and velocity at
any point in the flow varies with respect to the radial distance of that point
from the central axis, then the flow is designated as radial flow. For producing
radial flow consider two horizontal circular plates of same diameter placed one
above the other at a small distance B apart, as shown in fig. 7°17. The bottom
plate is provided with an opening at its centre, to which is attached, a vertical
pipe of the same diameter as that of the opening. Through the central pipe let
some liquid be.allowed to flow up continuously, which will flow radially
outward between the plates, thereby developing the radial flow of liquid.
Consider sections 1-1 and 2-2 in the radial flow.as shown in Fig. 7°17. Section
1-1 is assumed to be localed where the -radial flow of liquid just commences
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i.e., al this section the liquid just enters from the vertical pipe into the passage

between the plates ; and
section 2-2 is just at the
outer periphery of the plates
where the liquid is discharged
into atmospheric air. Let ry
and r- be the radial distances

BARLOW'S
CURVE

|
of scctions 1-1 and 2-2 12 x  4h i . UPPER PLATE
respectively from the central A AR W ?B V2 __
axis ; and v, and v, be the ~ *\ l /—. 1
radial velocities of flow of 2 :Hzl A } BOTTOM PLATE
liquid at sections 1-1 and 2-2 dr B :
respectively. Now if Q is I PIPE

discharge of liquid through
any scction then from
continuity equation the
following relation between
the velocity of flow and the

radial distance may be N
yblained. o
Q = (27["18 le) = (272728 XV>2)
=Qmr B xv,)
OF V7| = Vprp= Vyr, = constant
..(T°65)

where r, 1s the radial distance
of any section X-X shown in
Fig. 7°17 and v, is the radial
velocity of flow at section
Y-X.
Fig. 717 Radial flow

Now if p;, pp and p, are the pressure intensities at sections 1-1, 2-2 and X-
X respectively then neglecting the loss of head and applying Bernoulli's
equation between these sections which are located at the same elevation above
thedatum, the following cxpression may be obtained
2 2 2
) v v B )
_[1_+ .l_z.p_2.+_2__:£i.+.v_=H ...(7°66)
W 2 w28 w 2g
where w is specific weight of the flowing liquid and H is constant, the value of
which may be computed by the values of either p, and v, or p, and v, being
known. ‘
Since section 2-2 is considercd Lo be located just at the outer periphery of
the plales, the pressure p, = atmospheric pressure p,. Thus from equation.7.66
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2
pL_Pa Vi W
i o aale f, S S———

woow 20 2g
Further from equation 7°65 as ry <r,, v,>v, and hence it may be scen lronln
equation 7°67 that the pressure p, at section 1-1 is less than the atmospheric
pressure.

Again from equations 7°65 and 766

p_x_,,,__@_:,,,_L(zizzi)

(7°67)

..(7°68)
w 2g 28 rxz

Equation 7°68 represents the pressure dieribgtior} ina radjal flow, frqm
which it may be scen that the pressurc at any section in the radial flow varies
with the square of the radial distance of the secLion frpm _lhc central axis.
Further the pressure increases with the increase in ll}c radial distance fqllow.mg
a parabolic law. The pressure distribution curve is also shown in fig. 717
which is known as Barlow's curve.

Total Pressure on the Upper Plate. The total pressure (qr lhru;l)
exerted on the circular plates due to radial flow of liquid may be obtained with
the help of equation 7°68 . For this consider a small portion of the upper plate
in the form of an elementary ring at a radial distance r, and thickness dr as
shown in Fig. 7°17. The total upward pressure on the ring

A

Thus the upward thrust on the upper plate in the portion betwee

ol 7 i 1.~ ; V22 r22 :l
=1 " H - || &
f‘?:{'i‘j'_él";]:a ri g‘dl ¥ ['? T ».28:‘:{ !'125)

Hir2-r? T T [
= 27w [—Lz—é—l"z'— ra? '2'22']0& (rofr1)
Further if pg is the pressure of the liquid in the central vertical pipe, then

assuming this pressure to be constant over the entire cross-seclizon of the pipe,
the upward thrust on the area (7r,2) of the upper plate = po X (7r,%).

Thus total upward pressure (or thrust) on the upper plate becomes
20S k2! 2 '
Fy =2nw [M— ry? %fg—log. (rz/rl)] + (po X mry?) ~(769)

The top portion of the upper plate will be subjected to a downward forqe
which may be either due to atmosphcric pressure or 1t may be due w hydrostatic
pressure exerted by some column of liquid lying above the plate. Thus

itooe I woll 1o diooly
ehoaation of a O badiegly

ol
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downward force on the top portion of the upper plate may be obtained as
follows.

(¢) If only the atmospheric pressure p, acts, then the downward force
Fy= (Pa x 70'22)
(i) If there is a liquid column of height h and specific weight w over the
entire top portion of the upper plate then the downward force
Fy=(wh+p,) mry?
The resultant force Fg on the upper plate may then be obtained as
Frp=(F,~Fg)or (Fy-F,)

Total Pressure on the Bottom Plate. Due to radial flow of liquid
the total pressure (or thrust) exerted on the top portion of the bottom plate will
be acting in the downward direction, which may also be determined by adopting

the same procedure as indicated in the casc of the upper plate and it is obtained
as

Fd= 27tw

H (r>-r» .
[—‘———". 3 - (7°70)

2 ¥
ra z_g"'l.OSe (rafr1)
Further the lower portion of the bottom plate will also be subjected to an
upward force F, either due to atmospheric pressure or due to hydrostatic pressure
exerted by some column of liquid lying above the plate as indicated in the case
of the upper plate.

The resultant force F¢ on the bottom plate may also be obtained as

¢ ASTI TPy F) or (FE2F ), ] s o R
1o volsy By ‘:&i« & \?xm diq -)é'U peT slqm 2

! ¥ avi i
7°18 SPIRAL.VORTEX MOTION 28 C.a syt v " BRe

A spiral vortex motion may be developed when a cylindrical vortex motion
is superimposed over the radial flow, In other words a spiral vortex motion is‘a

- combination of cylindrical vortex motion and radial flow and henceithelpréssure

difference between any, two points lying.on.a horizontal plane in a spiral yortex %
motion may be obtained by combining the corresponding equations for the
cylindrical vortex motion and the radial flow. Accordingly the following

expressions may be obtained for a spiral vortex motion. g
(i ) Spiral Free Vortex Motion

BB _dhgl 1) (_ i) 77
o i 27 g~ o + e " 2g ~(T71)
(ii ) Spiral Forced Vortex Motion
Y . T w? o w2\
—_— e e (2 _L.__ 2 :
w o w  2g e~ nd) 2g Zg) 2

. ol SPTUE PRI N "
Illustrative Example 7°1.4 025 m diameter pipe carries oil of
specific gravity 0'& at the rate of 120 litres per second and the pressure al a
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point A is 19°62 kN/m2 (gage). If the point A is 3'Sm above the dawum line,
calculate the total energy at point A in metres of oil.

Solution

Total energy in terms of oil is given by
L. %8
* 2z +z
19°62 x 103

=0 EI0X0 8 =2'S mof oil

By continuity

"’Wi‘&‘h‘ﬁ*"“ Jeibs o ’,}U ;“AV Gyt
Hiwialg md‘% z;km o A 2 £10, ps@;;;m 1!4(1 a4 oxg
ki gfﬁ(q QQ # et 1}'Q§. 26)( 10 ‘?nf-?O 12 m3/s rv})f])b?‘lm n} Tt?m] I}i; ;
A —45 (0°25)2 = 0°049 m?
012
Therefore V = /-?‘-: -0—9 =245 m/s
V2 (2457
and 22 —2X981—031m0f011
z=3'5
Tolal energy = (2°5 + 0°31+3°5)
=631 m of oil.

Illustrative Example 7°2. A 0'3 m pipe carries water at a velocity of
24°4 mls . At points A and B measurements of pressure and elevation were

respectively 361 kNim? and 288 kN/m? and 30°5 m and 33’5 m. For steady .

flow, find the loss of head between A and B.
Solution:

Total energy in terms of metres of water is given by

V2

w 2g
At point A
3
L =§%;—(1—(])-Q— = 36°80 m of water
w
AN2
5‘—/1——= :,—%%%—1 = 3034 m of water
g P>

z =3050m

. Tolal energy at A
= (36'80 + 30°34 + 30°50) = 9764 m
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At point B
P _288x10%
w == 9R8i0 310 = 2936 m of water
(24°4)2
2g 2)(981-3034mofwat<:r
z =335m

Total encrgy at B
= (29736 + 3034 + 33°50) = 9320 m
Lossofhcad = (9764 -9320)=4'44m
IHustrative Example 7°3. A pipe 300 m long has a slope of 1 in 100
and tapers from 1'2*m diameter at:the high end to0'6 m diameter at the low
end. Quantity of water ﬂowmg is5 400 lztres per; mmutg* j: the ‘pressure at the

h!gh‘ r;d., L0567 E8L0 Zike O dem?ly f%{&mm&mg z-lm?'

eg ect losses.
Solution : ot 7o)
Discharge Q= -605_3%%7 =009 m3/s

Arca of flow section at higher end

——-(1 2)2=1131 m2
" Velocity at higher end
_ 009
T 1131
Arca of flow section at lower end

=267 =02827m2

=0079 6 m/s

. Vclocity at lower end
0°09 .
=087 = 0318 4 m/s

Applying Bernoulli's equation between the higher and the lower ends of the
pipc we have

R A R %
o +2g ta =2 +28 +z,

Assumc datum to be passing through the lower end of the pipe, then

=0 and z =-3-®—30

100
Thus by substitution
In ST Units
6867 x 103 (_()79 6)? D2 (0°3184)?
9810 " 2x981 30 =3"*2xgogr "0
or P2

o =9'995 m of water
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- P,=98"051 kN/m? = 98051 kPa
In Metric Units

07 x10* (007962 ... pr . (031847
1000 T 2x98l 0%, *2xosr TV
or -f——: 9°995 m of waler

P2 =0'999 5 kg(f)/cm?

Illustrative Example 7°4. A conical tube is fixed vertically with its
smaller end upwards. The velocity of flow down the tube is 4°5 mls at the
upper end and 1°5 m/s at the lower end. The tube is 1'5 m long and the pressure
head at the upper end is 3°1 m of the liquid. The loss in the tube expressed as a

03 (V, -V,)?
head is——(i—-z-)— where Vyand V, are the velocities at the upper and

lower ends respectively. What is the pressure head at the lower end ?
Solution

Applying Bernoulli's equation between the upper and the lower ends, we
have

or ;[)2_ =:V&— +(21—zz)+% —‘;;2 ~0'3(V2’g~ Vo)
i =3'1m,(z;-2)=15m
w
Vi =4'5m/s, Vo= 1"5m/s
Thus by substitution, we get
> (4'57 (1°57 0°3(4°'5-1'5)?

W S S e - X981~ 2x 981

or 22 _53gm
w
Pressure head at the lower end,

L2 _ 538 m of liquid flowing in the whe.
e .

Illustrative Example 7°5. A4 15 kW pump with 80% effieiency is
discharging oil of specific gravity 0°85 1o the overhcad tank as shown in the
figure. If losses in the whole system are 1'75 m of flowing fluid, find the
discharge.

Solution

Applying Bernoulli's equation between 1 and 2, we have
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o Ve Lo P VaE
" +2g +Zl+”’"_w +~2-g—+£2+hL

P2 . . .
L= 0, since pressure at 2 is atmospheric;

V, and V, are negligible and hence the velocity heads are neglected; and
hL = 175 m
Thus by substitution, we get
4°17x103 . .
(0°85%9 810) +50+0+H,=0+0+25+1'75
or H, =16"75m of oil

25.0m y | 2

L

7000,

_AIR PRESSURE
. 41-7kN/m’

llllll,‘l y 5-:0m

PUMP

Example 7°5

Efficicncy of pump
wQ H,,
="p
where £ is power in waltts.

Thus
0°80 = (0°85x9810)x O x16°75
15 x 103
Q =0'086 m3/s

Discharge = 0086 m3/s or 86 litres/second

[ustrative Example 7°6. A portion of a pipe for conveying water is
vertical and the diameter of the upper part of the pipe is 50 mm, and the
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section is gradually reduced to 25 mm diameter at the lower part. A pressure
gage is inserted where the diameter is 50 mm and a second gage 2 m below the
first and where pipe is 25 mm diameter. When the quantity of water flowing up
through the pipe is 0°205 m3 per minute, the gages show a pressure difference
of 31 kNim? (or 31 kf’a). Assuming that the head loss varies as the square of
the velocity determine the quantity of water passing through the pipe when the
two gages show no pressure difference and the water is flowing downwards.
Solution

The head loss varies as the square of velocity, as such if v is the velocity
of flow at any scction CC at a distance x from the lower end as shown in the
figure then the head Joss for agmall length dx of the pipe is

ar thi e T dheEi kv TR B SRS
/ Ml 28

where k’ is a constant of propomonahty By integrating the above expresswn

the total loss of head for the entire pipe between the scctions 1-1 and 2-2 is

obtained as 3
2
hy =] kvidx L)
0

The diameter of the pipe at section CC is obtained as
d=005 ((32) m

If Q is the discharge flowing through the pipe then
g 0 :
@D sy 00252 ("——-—; 2)

By substituting the value of v in equation (i), we get

2 .
. =’ kQ? @

AP (0025 & +F ¥

L 16k0? L4
% b=z 0025y <3 L8 & ]
7kQ 2 .

(7‘/4)2 (0°025)° (12) . : UR 0 AT ey
When syater.is flowing in the upward direction, then applying Bemoulli's
equation betweeii sections M@m . d cank as shobe inthe
g V2 V2

? . 'E-+22g +z2 =-Em¢r-§-+z,+h,

/p2 pl\ 31)(103 P
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Q= 062(?5 = 0003 42 m3/s
0°003 42
Vi< =Gy 0025 - 097 mis
B Q __ 07000342
. Vi=a =@ (005 T ITems

22 —OdndZ] =2m

s ——]

Aidolsy :1:\}';;?’?"‘
’ (R

squisx] gvidnnlzullk

b wain bRy aonudivelb
‘ W neig

.

Example 7°6
Thus by substitution, we get
697  _(174p
2x9'81 2x09'81
or k =07123
Now when the water is flowing in the downward direction then again

7k (0°003 42)2
(m/4)2 (0°025)* (12)

316 + -2 =

¢ applymg the Bernoulli's equation between the sections 1-1and 2-2, we get
i +-2-L- +,zl -'53' +§-g-+'z2+b, &

e ﬁ:;é?(ﬁ%k}%ﬁ‘;%%f%. zﬁ‘@wf 0 ‘ A

§ If Q isthe dxscharge ﬂowmg in qus gg;s;,men
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&/2 = 4 ."l

Thus by substitution, we get

VR 16V T 1230 05,2
7¢ Ty POt T o osaaz
or V=102 m/s
Q=AY

= [Z{- (0'05)2x1'02] = 07002 mY/s

Discharge = (0002 x 60) = 012 m? per minute.

INustrative Example 7°7. The velocity distribution in a pipe is

given by
v zvmax (1 —R';. )’l

where R is the radius of the pipe, r is any radius at which the velocity is v and
n is a constant index. Find the energy correction factor o for this case. Also

determine the value of o when n = >

Solution:
The mean velocity of flow Vis given by
AR

Q = RV :J 2 Ve ( 1_1§ ) dr
0
2RV s
1) (n+2)
7 2 Vmax
Th A1) (n + 2)
and M _”_*’_].)_Q”_tl.( )
v

From cquation 7 32, we have
1 v\
o=~ J (V dA
A
£ 2
1 (n+1) (n +b)]3( __[_)3”
or a—nRZ[ [ 3 -5 2nr dr
0

(D) (n+2)
T4G3n+1) 3n +2)
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Substituting n = =, we get after simplification
o=106

Ilustrative Example 7°8. A venturi meter having a diameter of 75
mm  at the throat and 150 mm diameter at the enlarged end is installed in a
horizontal pipeline 150 mm in diameter carrying an oil of specific gravity (0°9.
The difference of pressure head between the enlurged end and the throat recorded
by a U-tube is 175 mm of mercury. Determine the discharge through the pipe.
Assume the coefficient of discharge of the meter as 0°97.

Solution

The discharge through the venturi meter 1s given by

a]azv2gh

4,(11—'02

Cy =097

o (i

& x(7 ) =0°004 4 m?

vex (1)
175 (136
1000 \ 09

Thus by substitution, we get

0°97 x (00017 7 x 0°004 4) V2x9'81x2°469
V(0°017 7)2 - (0°004 4)2

or Q =0030 67 m¥s ; or 30°67 lires/second

1llustrative Example 7°9. A venturi meter has its axis vertical, the
inlet and throat diameters being 150 mm and 75 mm respectively. The throat is
225 mm above inlet and K = 0°96. Petrol of specific gravity 0'78 flows up
through the meter at a rate of 0°029 m[s. Find the pressure difference between
the inlet and the throal.

Q0 =Cy4

) =0017 7Tm?

O

Sl A

1) 2469 m

0 =

Solution:
The discharge through a venturi meter is given by

K a a;N2gh

1'01—(12

Q:
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=096
(1150 =0'017 7m?
2
az:;x(lobo = 0004 4 m?
0 =0029 m¥s

By substitution, we have
0°96x(0°017 7x0°004 4) V2x9"81xh

V017 7)2- (07004 4
h =2254 m of oil

(B

. p )
2254:(‘-;’——52—-)—(22%1)
es (P _@_) (225
o 2254 "(w ~ W/ ~\1000

or (”‘ - )_2479

0, ﬁpz) = (2479 x 0'78 x 9 810)
= 18 969 N/in2 = 18969 kN/m?
= 18 969 Pa = 18'969 k Pa

Ilustrative Example 7°10. 215 litres of gasoline (specific gravity
0 82) flow per second upwards in an inclined venturi meter fitted to a 300 mm
diameter pipe. The venturi meter is inclined at 60° to the vertical and its 150
mm diameter throat is 1°2 m from the entrance along its length. Pressure gages
inserted at entrance and throat show pressures of 0'141 Nimm2 and 0°077
Nimm?2 respectively. Calculate the discharge coefficient of venturi meter.

0029 =

Since h =

If instead of pressure gages the enirance and the throat of the venturi meter
are connected to the two limbs of a U-tube mercury manometer, determine its
reading in mm of differential mercury column.

Solution

The discharge through the venturi meter is given by

Kaya,N2gh

.\’al—az

Q0 =215%x103 = 0'215 m3/s
( 300 =070 7 w*

Q:
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2

b =Ex (335) =007 7m

P2

h = 1 ) - (W + 22)

‘ 6
%— =§Q§IT%I-;<%)§5 = 17°528 m of gasoline

P 0077 x 108

_MUIIXIU - rasoli
w " 0810x 082 9°572 m of gasoline

72, =0;2,=(12sin30°)=060m
h=(17528+0)-(9572+060)=735m
Thus by substitution, we get

K x (00070 7 x 0°017 7) \V2x9'81x7'356

V(007072 - (0017 72

0215

or K 0979
[f a U-tube manometer i1s connected then

S
BHGED

136
or 735 =x i 1)

x =0472 mor 472 mm

Iustrative Example 7 11. A venturi meter is (0 be fitted in a pipe
0°25 m diameter where the pressure head is 7°6 m of flowing liquid and the
maximum flow is 81 m? per minute. find the least diameter of the throat 10
ensure that the pressure head does not become negative. Take K = 0°90.

Solution
The discharge through the venturi meter is given by

K ay, d, v2gh
V012—022

0 -?-6“0 135 m¥/s

K =096

a =§‘-x(0'25)2 = 0049 m?

Q =

h=76m
By substitution, we have
0796 X (0°049) xa, V2 x 981 x 776

V(0 049)? - a,?

0135 =
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or a, =0°0112 m?

gy = PR 0119 5 m=119'S mm

Hlustrative Example 7°12. The coefficient of discharge for a
venturimeter used for measuring the flow of an incompressible fluid was found
10 he constant when the rate of flow Q exceeded a certuin value. Show that
under these conditions, the loss of head hy, in the convergent portion of the
venturimeter can be expressed as K Q% where K, is a constant.

Solution

Applying Bernoulli’s equation between the inlet and throat sections of the
venturimeter, we get

P .‘./1_2_=E2_+ _‘i-*— h/
w

voo2 28

If h is the venturi head then, we have
p_Poy
woow

and hence

. 2 2
(h—h)=h Vi Vi
2 2
Again if a, and a, arc the cross-sectional arcas at the inlet and throat
sections of the venwrimeter then, we have

h =Q_2 [L_ _l_}

2% @ a

or 0 = aaN2gh

Va? - a?
ol Q= a NG

LY .
where C= w is the constant of the venturuncier.

at - a?

Further from equation 7°47, we have
0=kCn . i)
in which K is the coefficient of discharge of the venturimeler.
Thus from equations (i) and (i), we obtain
. 2
(hoh')=n=2 [J_-. 1]
c?

KZ

b= K, Q?
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where Ky = 1—[—1—-— l} is a constant.
c?lk?

Nustrative Example 7 13. Water flows at the rate of 0'147 nlis
through a 150 mm diameter orifice inserted in.a 300 mm diameter pipe. If the
pressure gages fitted upstream and doywnstream of the orifice plate have shown
readings of 176°58 kN/m® and 8829 kN2 respectively, find the coefficient of
discharge C of the orifice meler.

Solution

The discharge through an orifice meter is given by

Q_Caocn N2gh

017"(102

Q =0147 m¥s

N =(_rzl_ _£z_)
w w

___'(]76'58 - 88°29) x 10°

9810 =9 m of water
w300 \* . ) >
a1—4>< 1000 ‘_00707m

_n (150N 2
(10—4><(1000 =00177m

Thus by substitution, we get
Cx (00070 7 x0°017 7T)N 2x9°81x9

V(0070 7)2 - (0°017 7)?

C =0605

Illustrative Example 714, A submarine moves horizontally in a sea
and has its axis below the water surface. A prandtl pitot tube placed in front of
the submarine and along its axis is connected to the two limbs of a U-tube
containing mercury. The difference in mercury level is found 1o be 170 mm.

Find the the speed of submarine knowing that specific gravity of sea water is
1°025.

Solution

Let the submarine along with pitot tube be moving with a velocity V.

By supcrimposing a velqcily equal in magnitude to that of the submarine
but in opposite direction, i.e., =V, to the whole system, the submarine
including pitot tube 1s brought to rest and sea water attains a velocity V.

Thus from equation 7°25, we have

V=C,\/2gx(§§"‘~—l)

&

0147 =
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i lo ; MBS 025", dX i taken as 1
X = 1000 =017 m; S, =13"6;8§="1"025 ; an ‘.!g"ls‘ s 1.

Thus by substitution, we get

V=,\/2x9'81 xo-17(—‘§;§_- 1]
1025

or V=64m/
i.e., submarinc is moving with a speed of 6'4 m/s

Ilustrative Example 7°15. Water flows in a 300 mm pipe. Two
pitot tubes are installed in the pipe, one on the cenireline and the other 75 mm
from the centreline. If the velocities at the two points are 3 mls and 2 mls
respectively calculate the reading on the differential mercury manometer
connected to the two tubes.

Solution

As shown in the figure, let A and B be the stagnation points at the tips of
the two pitot tubes. Considering points 1 and 2 slightly upstrcam of Aand B
and applying Bemoulli's equation, we gct

’ L+ m = -EA— ‘_.(i)
w 2g w '

e Vol P i

and S 27 (1))

LRSI AL LS ISLLLIS L LIIIIIS I EIIIS POSISITEISIIIO LIS L OO ISP OSSO LY

e iy it s

l
¥
E{ LIPS ISV

2mjs

Ll L L ikt
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Example 715
where p, and p, are the static pressure intensities and V, and V, are the
velocities at points 1 and 2 respectively and p, and pp are the stagnation pressure
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intensities at points(‘Afaﬁd Btf)respebfti;lélﬁ\" Also the/follawing’ relation
between p; and p; may be written'*i4i< % EgdQ S HInEcs € Ihs &

Bl o015 = &2 -G
w w
Thus from equations (i), (i) and (iii), we get

V2 V2
€L &4_ "'fg— -ﬁ— +0075 , (V)

Further if x is the difference in the levels of mercury columns in the two
limbs of the manometer and y is the depth of the higher mercury column below
the centreline of the pipe, then the following manometric equation may be
developed :

-ii+y+x =-£L+y-0'075+13'6x
or & _ B4 - 126x+ 0075 (V)
Solving equations (iv ) and (v ), we get
Vol . Yt : 3
~— - = +0075 =-126x+0°075
28 2
V,2-V,2
or . > - =126
8
{22305 s
or %0 81 =-126x

x =00202mor 202 mm

Illustrative Example 7°16. A pitot-static tube placed in the centre of
a 200 mm pipe line, has one orifice pointing upstream and the other
perpendicular to it. If the pressure difference between the two orifices is 40 mm
of water when the discharge through the pipe is 1 365 litres per minute,
calculate the coefficient of the pitot tube. Take the mean velocity in the pipe 10
be 0°83 of the central velocity.

Solution
-3
o =130 _ 002275 ms
The mean velocity of {low is
) 0°022 75 .
V=A'Q- =£_(—2-OT)'—2 =0'724 m/s
4 \ 1000
V__ 0724

Central velocily = %3 - 083 = Q‘872 m/s

Pressure difference 2=40% 10->m
Thus from equation 7°50
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0872=C V2 x 981 % (40 x 10 )
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mm_in diameter and discharging 1140 litres per minute. Neglecting air
resistance and assuming a nozzle height of 1'5 m, determine the greatest

. ¢ =0984
distance from the building at which fireman can stand and sti 2 S

[llustrative Example 7°17. Water is discharged from a 50 mm upon the window. ¢ ) and sull play the stream
diameter nozzle which is inclined at a 30" angle above the horizontal. If the jet Solution
strikes the ground at a horizontal distance of 36manda vertical distance of 1140 x 10-3
0'6 m from the nozzle as shown in the figure, what is the rate of flow ? 0 :-—Bg—l—_ = 0019 m%s

Solution .

_Q 0019 e

Let V, be the velocity of the jet then Vo = A T77 30 N\ 26°88 m/s

(Vo)y = Vocos 30" = 0866 Vo 4\ 1000

(Vo), = Vosin30" =05V, x = (Vi cos O) ()

Therefore the coordinate equations for the rajectory are and =24 =(V, sin ) — 1 g1 .

e D) L)
x = 0866 V! o
1 From equation (i )

and =05Vt —z8
N Z 0 3 8 o8 e _ V_{_-

By eliminating / and solving for V from these two cquatons , we get 0f

12 —
_ X 4 \ Sinez\/l- (__x
Yo = 57866 [2(0‘577x = )] Vol

By substitution, we get Substituting this value of sin 0 in equation (ii), we gel

36 9'81 ke
Yo =0°866 [2[(3'6><0'577) - (~()‘(m] 2= (V- )- %glz
or Vo= 563 m/s
Hence QO =AV, L
—[Ex (-—59—— 2><563]:()'()Hm3/s é
=12 1000 : 7
Z WINDOW
72

L_——————A~——~ 36m——

NN

N\

NN

Example 7°17

2

z

7

7

Z

| | ?
Viiiiiidiiiélliudidde | /. Z
s

A\

¢ (0 reach a window 25°5

Illustrative Example 7°18. A fireman intend _
having a cylindrical tip 30

e the eround with a fire stream from a nozzle
m above the & fi b Example 718
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Solving for x, we get

x= \/V[)Z,Z - (24 + %-gtz)2
1
Va2t - 2
2Voect - 2(24 +581 gt
and

2\/1/0212 - (24 + -;-gtz)2

dr
) dx
For maximum x, PN 0

Hence Vol =24 gt + %— g?

Solving for 1, we get

. 2_
l Z\szﬁ 8;32) 488 a9

x = ’\/ (26'88)2(3718)% - [24 + %—x 981 x (3718)%)2
=4347 m

Ilustrative Example 7°19./n a free cylindrical vortex of water the
tangential velocity at a radius of 0°12 m from the axis of rotation is found to

be 7°2 mis and the intensity of pressure is 245725 kNim2 [2°5 kg(f) em?]. Find
the intensity of pressure at a radius of 0°24 m from the axis.
Solution

For a free vorlex

iny =van

or 72x012 = v (724

vo =376 m/s
. 4 Yy 1 vy
Also T = A R
W 2y W 2

Thus by substitution
In 81 units

24525 % 10° (7°2)2 I

_n,  B6F
9810  T2x9°81 w 2x0981
P2 = 26469 kN/mz, or

264769 kPa

In metric units
. 4 "2 .
2°5x 10 N (/2), =&+1536.ﬁ
1000 2%x9'81 w 2x981
p2 = 2698 kg (Nfcm?
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Hiustrative Example 720, Waer flows radi
. tally between th

flanges at the end of a 0°15 m diameter pip ; hthe two

: e as shown in the figure. N 1
losses, if the pressure head at A is 03 m, g S
flow in m3/s.

find the pressure head at B and the
Solution

By continuity equation

T .
0= (4—>< 0 152) V= (2nx 06 x 0°025)V,

= (2nx 12 % 0°025) V.

16
or VA:T Vg ;and Vy = 2V,
By applying Bernoulli's equation between A and C, we have
i Va2 o V2
~03 + A= Ly
% % 7g +1'5
V.2 2
- 2L (2)] -1
2g 32
Vi=597 m/s
Thus

L
Q= (TX 07152 x 5'97) =0"105 m¥/s

f————1-2m
r—osm:i_

lo-025m
= - =
= —_—
c 8 T—
F5m
0-ISmDIA | -
Ae

Example 720

Again applying Bernoulli's equation between points B and C, we have
P8 ng ’
W T .
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2
N
oc

7
Vg = (igx 5'97) =112 m/s
Ve =056 m/s

Thus by substitution, we get

pe (12 . (OS2
W tIx 98l "0t Tx 081

LB _ 048 m

w

Ilustrative Example 7°21. Assume a steady igothermal.ﬂow of qir
considered as a perfect gas withR = 29'3 meires per C absolute. The velocity
field is u= 3x, v= -3y, w = 20, where u,y, w are the velocity components in
mls in the coordinate directions x,y,z respectively. The cgordlnales are in
metres. What is the ratio of pressures between the positions (10,3,0) and
(0,-5,0) ? The temperature is 38°C.

Solution

At point (10, 3, 0)

u=30m/s:V =-9m/s;w=20m/s
Vi =Vu? +v2 + w?

=V(E0)2 + (-9)2 + (202
=37"16m
Similarly at point (0, -5, 0)
=0;V=15m/s;w=20m/s
V, = V(0)2 + (15)% + (20)?
=25m/s

From equation 7°35 for isothermal flow, we have
V)2 V,2
K log, p, +-§—+ g1 =K 10g¢p2+-—2— +g2,

where K is a constant given by

E-ok=rT
P
Thus K =293 (273+38)=9 11273

Considering z, = z, , and substituting in the above equation, we get

7162 (25)
91123 log, (p2/ p1) =Q‘§—‘)— - —zl"

or log, (pofp1) =041 5

L2 oy

~1
S A\

77

78

@

[ 710,
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PROBLEMS
What are the different energies of a fluid ? Explain each of them.

State ‘and derive Bernoulli's theorem, mentioning clearly the assumptions
underlying it.

Derive Bernoulli's equation from general energy equation.
Derive Bernoulli's equation from Euler's equation of motion.
What is kinetic energy correction factor?

Starting from first principles obtain the following expression for discharge of a
liquid through a venturi meter

Q:KCh”z

where @ is discharge in m3/s ; K is discharge coeficient of the venturi meter ; C
is constant of venturi meter ; and & is venturi head in metres of fluid flowing
through the venturi meter.

A vertical venturi meter of (d/D) ratio equal to 0.6 is fitted in a 01 m diameter
pipe. The throat 1s 0°2 m above the inlet. The meter has a coefficient of
discharge of 0°92. Determine (i ) pressure difference as recorded by two gages
fitted at the inlet and throat, (if } difference on a vertical differential mercury
manometer (specific gravity of mercury = 13°6) when a liquid of specific
gravity 0°8 flows through the meter at the rate of 50 litres per second.

[ (i) 130°206 kKN/m2 or 1'327 kg(f)/cm?; (ii)1'024 m]

Oil of specific gravity 0°90 flows in a pipe 300 mm diameter at the rate of 120
litres per second and the pressure at a point A is 24°525 kPa [ 025 kg(f)/em?2]
(gage). If the point A is 5°2 m above the datum line, calculate the total energy
at point A in terms of metres of oil. {8125 m]

In a vertical pipe coriveying water, pressure gages are inserted at A and B,
where the diameters are 150 mm and 75 mm respectively. The point B is
2'4 m below A, and when the rate of flow down the pipe is 0°021 m3/s the
pressure at B is 117°72 kN/m2 [ 0°12 kg (f)/cm?] greater than that at A.
Assuming that the losses in the pipe between A and B can be expressed as
(kV42/2g ), where V, is the velocity at A, find the value of k. If the gages at
A and B are replaced by tubes filled with water and connected o a U-tube
containing mercury of specific gravity 136, calculate the value of the reading
on the manomelter. : [1°67 ;952 mm)

A 03 m by 0'15 m venturi meter is mounted on a vertical pipe with flow
upwards. 63 litres per second of oil of specific gravity 080 and dynamic
viscosity 1 poise flows through the pipeline. The throat section is 0°'1 m above
the inlet section. What is the pressure difference between the inlet and the

throat ? [ Reynolds Number = z_"‘i =o-80xxooog§1'5 65x0715 _ 4 278 for
which K = 0°96. The required pressure difference = 5:964 kN/m2 or 5964 kPa
or 0°060 8 kg(fH/cm?]
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A venturimeter 1s used for measuring the flow of petrol in a pipeline inclined
al 357 10 horizontal . The specific gravity of the petrot is 0°81 and throat area
ratio is 4. If the difference in mercury levels in the gage is 50 mm, calculate
the flow in litres per hour if the pipe diameter is 0'3 m. Take discharge
coefficient of the venturi meter as 0°975.

[2:52x10° litres/hour])

A venturi meter measures the flow of water in a 75 mm diameter pipe. The
difference of head between the entrance and the throat of the venturi meter is
measured by U-tube containing mercury, the space above the mercury on each
side being filled with water. What should be the diameter of the throat of the
meter in order that the difference of the levels of the mercury shall be 0.25 m
when the quantity of water flowing in the pipe is 630 litres per minute ?
Assume the discharge coefficient as 0.97. {40°9 mm)]

-~ Define kinctic energy correction factor and derive an expression for the same.

Velocity distribution for laminar flow of a real fluid in a pipe is given by the
equation V = V,___[1-(r2/R2)], where V. is velocity at the centre of the
pipe, R is pipe radius, and V is the velocity at radius r [rom the centre of the
pipe. Show that kinetic energy correction factor for this flow is 2.

X

A venturl meter having inlet diameter 100 mum and throat diameter 25 mm is
fitied in a vertical pipe, throat 0'3 m below inlet, for measuring the flow of
petrol of specific gravity 0°78. Pressure gages are fitted at inlet and throat.
Assuming the loss of head between inlet and throat as 30 times the velocity
head at inlet, find :(a ) C4 for the meter ; (b ) the discharge in litres per minute
when the inlet gage reads 274.68 kN/m2 [0°28 kg(f)/cm2] more than the throat
gage. [ (@) 0°946 ; (b) 244 litres/min]

A 150 mm x 75 mm venturi meter with a coefficient of discharge 0°98 is to be
replaced by an orifice meter having a coefficient of discharge 0°6. If both the
melers are to give the same differential mercury manometer reading for a
discharge of 100 lires per second and the inlet diameter is to remain 150 mm,
what should be the diameter of the orifice. [93°5 mm]

A pitot tube was used o measure the quantity of water flowing in a pipe of
0°3 m diameter. The water was raised to a height of 0°25 m above the centre
line of pipe in a vertical limb of the tube . If the mean velocity is 0'78 times
the velocity at the centre and coefficient of pitot tube is 0°98, find the quanuty
of water in litres per second. Static pressure head at the centre of the pipe is
02 m.

[53°52 1/s)

)A pipe carrying oil of specific gravity 0°877 changes in size from 015 m at

section A 1o 0°45 m at section B . Section A is 3°6 m lower than B and the
pressures are 90°252 kN/m2 [0°92 kg(f)/cm2] and 59°841 kN/m2
[0°61 kg(f)/cm 2} respectively. If the discharge is 0°145 m3/s, determine the
head loss and the direction of flow. [3'32 m of oil ; Flow is from A 10 B ]
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Water is supplied to a turbine through a 0°3 m diameter pipe at the rate of 0°53
m3 /s. After passing through the turbine water is discharged through a
divergent pipe (called draft tube) which has a diameter of 0'6 m at point B
which is 1m below a peint A in the 0'3 m pipe. If the pressures at the points A
and B are respectively 147°15 kN/m2 [1°S kg(f)/cm2] and -34'335 kN/m?
[~ 0°35 kg(f)/cm?] , determine the power delivered to the turbine by the water.

[ 115735 kW (or 1568 h.p)]

Find the velocity of flow of carbon tetrachloride specific gravity 159 through
a pipe when a differential gage attached to a pitot static tube shows a reading
of 0'1 m. Take the coefficient of the pitot tube as 0°98. [377 m/s]

Two horizontal parallel circular discs are placed 50 mm apart and each plate
has diameter of 0°25 m. The lower plate has central hole of 50 mm diameter
and a 50 mm diameter vertical pipe is connected centrally to it. Water flows
through the pipe at the rate of 500 litres per minute. If the pressure at the outer
edge of the disc is 10 m of water, determine (i ) pressure inside the vertical
pipe ; (i ) velocity and pressure at a radius of 80 mm from the centre ; (iii ) the
resultant pressure on the upper disc ; and (iv ) the resultant pressure on the
bottom disc.

[(i) 89°117 kN/m2 ; (if) 0.332 m/s , 98.068 kN/mZ2; (iii) 22'209 N in the
downward direction; ({v ) 2'502 N in the upward direction}

In a free cylindrical vortex of water, the tangential velocity at a radius of
0’1 m from the axis of rotation is found to be 10 m/s and the intensity of
pressure is 196°2 kN/mZ (2 kg (f) /cm2]. Find the intensity of pressure at a
radius of 0'2 m from the axis.

[233°7 kN/m2, or 2337 kPa, or 2'382 kg(f)/cm?}

The wind velocity in a cyclone may be assumed to be free vortex flow. If at 50
km from centre of cyclone, velocity is 16 km/h, what pressure gradient should
be obtained at this point. What reduction in barometric pressure should occur
over radial distance of 10 km frorm this point towards centre of storm. Mass
density of air = 1°2 kg/m3. [1in2110; 0566 m]





