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Equations of Motion and Energy 
Equation 

7·1 INTRODUCTION 

A fluid in motion is subjected to several forces which results in the 
variation of the acceleration and the energies involved in the flow phenomenon 
or the fluid . As such in the study of the lluid motion the forces lind encrgtcs 
that are involved in the flow are required to be considered. This aspcct of fluid 
motion is known as dynamics of fluid flow. 

Tht: various forces acting on a fluirl mass may be classified as (i) body or 
volume forces, (ii) .surface forces, and (iii) line forces. The body or volume 
forces are the forces which are proportional to the volume of the body, the 
examples of which arc weight, centrifugal force , magnetic force , electromotive 
force , etc. The surface forces are the forces which arc proportional to the surface 
area which ma y include pressure force, shear or tangential force , force of 
comprcssibiJ ity , force due to turbulence etc. The linear forces arc the forces 
which arc proponionnl to the length and the example of which is surface 
tension. 

Alike mechauics of solids, the dynamics o( fluid is also governed by 
Newton's second law of mmion. Newton's second law of motion states that the 
resultant force on any fluid element must equal the product of the mass and the 
acceleration of the element and the acceleration vector has the direction of the 
n.:suitant iorce vector. In the mathematical form this law may be expressed as 

IF =Ma .. . (7'1) 

where "iF represenG the resultant external force acting on the fluid e lement of 
mass M and a is the total acceleration. Obviously both the acceleration and the 
resultant external force must be along the same line of action. Therefore the 
force and the <Jcccleration vectors can be resolved alol1g the three reference 
<iirections x. y and z and the con-esponcting equations may be expressed as 

LFx =Max } 
l!y =May ... ('1'1 a) 
I.F, =Ma, 

wh,~re IF", 2.: Fy and I Fz arc the componenL~ of the resulr.ant force in the x , y 
and z dirc~tions respectively and a~, ay and llz arc the compo::cnts of the to!ni 
acl eierc;Lion in th,~ x, y ancl z directions respectively. 
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( JI Len in Lhe sLud y of Lhc fluid moLion the forces per unit vo lume of the 
fluid l· lcmcnt arc required to be consiclcrecl. T he eq uations 7' I ancl 7· 1 (a) ma y 
th en h..: expressed as 

"if =pa ... (7 2) 

and 

lJ,= p a, } 
L/y = p ay 
"'If, = p a, 

.. . (7'2 a) 

in which/ is the resu ltant force per unit vo lume ac ting on the fluid mass, pis 
the mass density of the fluid , andfx./yandj,arc the componen ts of the rcsulUint 
forcc rcr unit volume,(, along x, y and z directions. 

7 ·2 FORCES ACTING ON FLUID IN MOTION 

T he various forces that may influence the motion arc due to gra vity, 
pressure, vi scosity, turbulence, surface tension and compressib ility. The gravity 
forc e F8 is due to the weight of the fluid and it is equal to 'Mg' The grav ity 
forc C' per unit vofume is equal to 'pg'. The pressure force FP is exerted on the 
flui d mass if there ex ists a pressure gradient between the two points in the 
direct ion of flow. The viscous force Fv is due to the vi scosity of the flowing 
fluid and thus exists in the case of all real fluids. The turbulen t flow F1 is due to 
the tu rbulence of the fl ow. In the turbulent flow the f"lui cl particles move from 
one layer to other and therefore, there is a continuous momentum tran sfer 
between adjacent layers, which res ults in developing additional stresses (called 
Reyno lds stresses) for the flowing fluid. The surface tension force F , is due to 
the cohesive property of the fluid mass. It is, however, important only when 
the depth of flo w is ex tremely small. The compressibility fo rce F, is due to 
the ,· lastic property of the fluid and it is important only either for compress ible 
flui ds or in the cases of fl owing fluids in which the clastic properties of fluids 
arc significant. 

if a certain mass of fluid in the motion is influenced by all the above 
mentioned forces, th en accordin g to Newton's second law of motion the 
foil · 1wing eq uation of motion may be written 

M a = F g + F p + F v + F I + F s + Fe ... (7' 3) 

Further by resolving the var ious forces and the accelerat ion along the x, y 
and z directions the following cq umions of motion may he ob tained. 

Max = Fgx + Fpx + fvx + Ftx + Fsx + F,, 
May = F8y + FPY + Fvy +Fry+ Fsy + F,y 
Ma, = Fgz + Fpz + fvz + F1, + Fs,+ F,2 

} ... (7 .3 a) 

The subscrip ts x, y, z arc introduced to represent th C' components of each of 
the forces and the acceleration in the respective directions. 
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In most of the problems of the fluids in motion the surface tens ion forces 
and the compress ibility forces are not significant. Hence these forces may be 
neglec ted. Then equations 7'3 and 7'3(a) become 

afld 

Ma =F8 +Fp+Fv+F1 

Ma, ::;: F8.+ Fpx + Fvx + F1x. 

May = F8y + FPY + Fvy +Fry, 

Ma, = F81 + FP, + Fn +Ftz 

... (7'4) 

} ... (7"4a) 

Equation 7.4 (a) are known as Reynolds' equations of motion which are 
useful in the analysis of the turbulent flows. 

Further for laminar or viscous flows the turbulent forces also become less 
significant and hence these may be neglected. The equations 7'4 and 7'4 (a) may 
then be modified as 

and 

Ma = F8 + FP + F, 

Max = F8, +Fpx +Fvx 

May = F8y +Fpy +Fvy 

Ma1 = F8, +Fpz + Fvz 

... (7' 5) 

Equations 7' 5 (a) are known as Navier-Stokes' equations which are useful 
in the analysis of viscous flow. 

Further if the viscous forces are also of liLLie significance in the problems 
of tluid flows, then these forces may also be neglec ted. The viscous forces will 
become insignificant if the flowing fluid is an ideal tluicl. However, in the case 
of real fluids also the viscous forces may be considered to be insignificant if the 
viscosity of the flowing fluid is small. In such cases the eq uations 7' 5 and 
7' 5(a) may be further modified as 

and 

Ma = F8 + FP 

Max= F8x+ Fpx} 
Ma y = F gy + F PY 
Ma, = F 8 , + FP, 

Equations 7 '6 (a) are known as Euler's equations of motion. 

... (7'6) 

.. . (7 '6a) 

A detailed study of the Reynolds equations of motion and the Navier­
Stokes equations are beyond the scope of this book. The Euler's equations of 
motion are however dealt with in detail in the next sec tion. 

7 · 3 EULER'S EQUATION OF MOTION 

As stated above in the Euler's equations of motion only two forces, namely 
the pressure force and the f1uid weight or in general the body force , are ass umed 
to .he acting on the mass of tluid in motion. Further in the derivation of these 
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equations is assumed that the fluid is non-viscous, so that the pressure forces 
may be CO l ,idered to be acting in the direction normal to the surface. 

Cons i cr a point P (x. y, z ) in a flowing mass of fluid at which let u, v 
and w be 1 'c velocity components in the directions x, y and z rcsrcctively ; p 
be the rn a~ ; density of the fluid and p be the pressure intensity. Further let X, 
Y and Z I'~ the components of the body force per unit mass at the same point. 

A par; llelopiped of fluid with its edges of length OX' oy and oz parallel to 
x, y, and z 1xes is cons idered in the fluid mass with the point P (x,y,z) as one 
of its corn rs , as show n in Fig. 7'1. 

The \ rious external forces acting on the parallelopiped may now be 
evaluated. i he mass of the fluid contained in the parallelopipccl is (pox oy oz). 
Therefore r1e total component of the body force acting on t.he rarallelopiped in 
the X direc ' lO ll is equal to X (pox oy oz) . 

Simi! ; ly the components of the body force acting on the parallelopiped in 
the y and ~ directions are obtain ed as Y (pbx by bz) and Z (pbx by bz) 
respecti ve! . 

z 

R'r I ~ 
I r.z: 

~ 'i.., ...... J!lx.!Yt 2. __ 
................ 

Q --~r..~~::----- It-:" 

pf>yf>x 

R 

OL X 

I ' ~· 7·1. Elementary parallcloplped subjected to th e pressure and 
body forces 
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The pressure intensity" at the point p is p. Since the length of the edges of 
the parallelopiped are extremely small, it may be assumed that the pressure 
intens ity on the face PQR 'S is uniform and equal to p . Therefore the total 
pressure force acting on the face PQR'S is in the direction normal to the surface 

= (p oy Oz) 

Since the pressure p varies with x,y and z, the pressure intensity on the 
face RS'P'Q' will be 

= (P + ;; 8x ) 

Therefore the total pressure force acting on the face RS'P'Q' in the direction 
normal to the force 

= (p + ;; Ox ) Oy Oz 

Since there is a difference of pressure between the two end faces of the 
parallelopiped, a net pressure force Fpxacts on the fluid mass in the x direction, 
the magnitude of which is obtained as 

Fpx=pby~z-(p+~ox )byoz 

or - . £e_ 
F px - - ax 8x oy oz ... (7'7 a) 

In the same manner the components of the pressure force in they and z 
directions may also be obtained as 

FPY = (- W; ox oy oz ) ... (7·7 b) 

and Fpz =(-~ox oy oz) ... (7'7 c) 

The·cornponents of the pressure force per unit volume may be obtained by 
dividing both sides of equation 7'7 by the volume of the parallelopiped (ox oy 
oz) as 

- £e_ 
/px - - ax 

- gg /py - - ay ~ ... (7'8) 

_1£_ 
/p l - - az 

Now adding the body force and the pressure forces and equating to the 
product of the mass and the acceleration in the x direction, in accordance with 
the Newton's second law of motion, we get 

X (pox oy 8z)-~& oy 8z =(pox oy oz) a:x 

where a:x is the component of the total acceleration in the x direction. 
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D :d ing both sides by the mass of the nuid ( p d x dy dz) in the 
paralk >piped and taking the limit so that the parallelopiped Lends to point P, 
we obt :n the Euler's equation of motion in the x direction at any point in the 
flowin l mass of~ 

X ]._ 22._ - 17'9 ) - :-. - az ... ~ a p ox 
In r he same manner the equations for the y and z directions may be 

obtainc I as 

y _ !_22_ 
P ay =ay ... (7"9 b) 

and ' a Z-- !!.E._ 
P oz = az ... (7'9 c) 

Eq ra tions 7·9 (a), 7"9 (b) and 7"9 (c) are known as Euler's equations of 
motion 

A ~ rndicated in chapter 6 the acceleration components az ,ay and az may be 
ex pres~ ·din terms of the velocity components u,v and was 

ou ou au au G;.=-+u-+v-+w-
0/ OX oy az 
OV OV dV Jv r.ty= -+u -+v-+w-
dl ox oy az 
ow ow ow ow a =- + u -+v- + w -

z ot ax a y a z 
Su ·s tituting these expressions for the accelerations in equation 7·9, the 

Euler's quations of motion are obtained as 

z 
... (7'10) 

). - !_ .2.£_ = 0:!. + u au + v au + w (!..!.:!_ 
p ax d{ ax oy dZ 

1 on ov av av av 
Y -~=-+u-+v-+w-

P oy at ax ay oz 
L 2E._ = ~ + u ow + v a~+ w aw 
poz a, ox oy oz 

In re derivation of these equations, no assumption has been made that the 
mass d< ;Jsity p is a constant. Hence these equations of motion arc applicable Lo 
comprc s iblc or incompressible, non viscous fluids in steady or unsleady state 
of flow 

7 · 4 1 ~TEGRATION OF EULER'S EQUATIONS 

Th · Euler's equations of motion can be integrated to yield the energy 
equatio under the following assumptions. 

(i ) There exists aforce potential which is defined as that whose negative 
derival r ;c with respect to any direction gives the component of the body force 
per uni t mass in that direction . It is usually denoted by nand according to the 
definiti1 rr given 
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X = an 
-ax 

y = an -a; ... (7'11) 

z =- ~ az and 

(ii) The flow is irrotational i.e., the velocity potential exists or the flow 
may be rotational, but it is steady. 

(a) When the flow is irrotational. Considering the Euler's equation 
of motion in one of the directions, we have 

X _]._ ~ = .£!!. +u au + v au 
P ax a, ax ay 

dU 
+ w a;-

If the flow is irrotational then as indicated in chapter 6 

dU dV OU OW 
a y =ax ; a;-= ax 

and u =-~. since the velocity potential ¢exists for an irrotational flow . 

Then .£!!. - ..£.. ( ~) 0{ - 0{ - OX 

- ..2!..L - ..2!..L 
-- ot ox --ox ot 

The order of differentiation has been changed meaning thereby that 
0 
;~~ 

~same as a:2t, . which is however true only if ¢ is a continuous function 

and its second derivative exists. 

By substituting these values the equation of motion in the x direction 
becomes 

_ an _1_ 2P._ = _ _23:L + u ou +v ~ + w ow 
ax p ox ax ot ox ox ox 

or - an _1_ 2P._=- _f!!P_ + !_ ou2 + !_ ov2 + ]._ ow2 
a X p 0 X 0 X 0 l 2 0 X 2 Jx 2 Ox 

a [ p_ .u 2 + v2 + w2 E.!t] ~ 0+ + 2 -:-. =0 ux p · ol 
or 

Now if it is assumed that the fluid is incompressible so that the mass 
density p is independent of pressure, then integrating the above equation with 
respect to x, we get 

2 2 2 ;:Jt/, ,..., _p_ u +v+w f!.:t:..-F(yzt) "'~ + p + 2 -a, - 1 • • 
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where f' 1 is an . hitrary function resulting from integration. 

However il che fluid is compressible, so that the mass densi ty p depends on 
the pressure p, 1 ,en integrating the above equation with respect to x. we get 

I 
c£e_ u2 + v2 + w2 EJ.. -

.2+ P + 2 -at -Fl(y,z,t) 

The above ·quation is thus a more general equation which is applicable to 
both compressi l leas well as incompressible fluids . 

If V repres< nts the resultant velocity at any point whose components in the 
x , y and z dire< ions are u, v and w, then 

V 2 = (u2 + v2 + w2) 

and the integral< d equation becomes 

I c!J.!_ V2 ~-. n . p + 2 -a I - f'l (y , z, I) .. .(712 a) 

By adoptii · the same procedure the other two Euler's equations of motion 
for they and z < .rcctions may also be integrated which may be written as 

I dy_ y2 a¢ . 
n _, p- + 2 - a~· = f'2 (x, z, t) .. .(7' 12b) 

and n + .:;:L_ + - _ ..., = f'3 X, y, I I on V2 ~ ( ) 

p 2 u I 
... (7'12c) 

In equatio1 ' 7 12 (a), 7' 12 (b) and 712 (c) it is observed that the left hand 
side of all thes, equations is same and therefore f 

F
1

(y, z, ) =F2 (x ,z, t)=F3 (x,y,t) 

Since x, y ancl z are independent variables, the above equation will hold good 
only if these v ·riables di sappear from the functional terms, or in other words 
the arbitrary f1 11ctions F 1, F2 and F3 are the functions of the time alone or are 
mere constan~ 

Thus the I nal integrated form of the Euler's equations of motion for all the 
three direction ~ becomes one equation as ' 

n + !E... + - - .::.x.. = F (t) f 
d v 2 am 

p 2 at 
.. (7'13) 

which contain ~ an arbitary function of time F (t). 
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Equation 7 · 13 is known as pressure equation. In steady flow where there is 
no change in the conditions with respect to time equation T 13 reduces to 

n + f d...Jl.. + V2 -p 2 - c ... (7' ~4) 

where C is an arbitrary constant which is to be determined by the known 
conditions of velocity, pressure and body force potential at some point in the 
flow. · · · 

If the body force exerted on the flowing fluid is only due to gravity and the 
z -axis is so oriented that z is measured in the vertical upward direction with 
reference to a datum, then we have 

an an an - -= 0. - - =0· --=-g 
ox ' ay ' az 

since the accelera ion due to gravity g is force per unit mass and 1t 1s 
considered to be p< -; itive when acting in the vertical downward direction. By 
integrating the abo'·-~ equation, we get 

n =gz +C1 

where C 1 is a constant of integration. Since at z = 0, n = 0, so that C 1 = 0 
and hence n = gz . 

Thus by substi l 1ting the value of n in equation T 14 it becomes 

f d y2 
'!.E...+-+ gz = C 
p 2 ... (715) 

Equation 7 ·15 is known as Bernoulli's equation which is applicable for 
s teady irrotational flow of compressible fluids. If the flowing fluid is 
incompress ible then since the mass density p is independent of press ure , 
equation T 15 becomes 

.f2_ V2 - . 
P + 2 +gz-C ... (716) 

Equation 7 '16 is also known as Bernoulli's equation which is applicable 
for steady irrotational flow of incompressible fluids. Since the gravitational 
acceleration g is constant, by dividing both sides of equation 7'16 by g, we 
get 

_p__ + V2 
pg 2g +z =C' 

or E...+V2 
w 2g + z = C' ... (7' 17) 

since specific weight }v = pg and C' is another constant. 

Equations 7' 15, T 16 and 7' 17 are the energy equations, since each term in 
these equations represents the energy possessed by the flowing fluid. Each term 
in equation 7' 15 or T 16 represents the energy per unit mass of the flowing 
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fluid a1 d in equation 7 ' 17 each term represents the <.:ncrgy JK:r unit weight or tile 
flowin fluid. The energy per unit weight of the fluid is expressed as N.m/N or 
kg(f) - m /kg(f) , that is, it has a dimension of length and therefore it is known 

as hea< . Thus in equf)tion 7" 17 the term Lis known as pressure head or static 
w 

\;2 . 
head; ~ IS known as velocity head or kinetic head and z is known as 

Lg 
pot em d head or datum head. The sum of the pressure head, the velocity head 
and tl · potential head is known as the total head or the total energy per unit 
weigh of the fluid. The Bernoulli's equation 7' 17 thus states that in a steady, 
irrota iJ onal flow of an incompressible fluid the total energy at any point is 
const< nL In other words, if the Bernoulli's equation is applied between any two 
poinL'- in a steady irrotational flow of an incompressible fluid then, we get 

P1 V1 2 P2 Vl . -+ -
2 

+ z1 = - +-
2 

+ z2 ... (7 18) 
w g w g 

wher• the different terms with subscnpts 1 ami 2 corresponct to the two points 
consi< crcd. 

· he sum of the pressure head and the potential head i c.,(;- +z) is also 

term• j as piezometric head. It is observed from equation 7· 18 that if V2 is 

grea t -r than V
1 

then the piezometric head ( ~2 
+ z 2 ) must be less than the 

pie1.< metric head (~1 +z 1). However, if the two points considered lie along 

the ~ 1me horizonta,I plane z1 = z2, in which case the changes in velocity cause 
corr < .pondin g change in the pressure . 

. -' urther, equation 7 '18 has been derived for an ideal l"luid which is non­
vi se •US and hence there is no loss of energy. However, for the flow of real 
flui < , since there is always some energy of the flowing fluid converted into heat 
due .o the viscous and turbulent shear and consequelltl y there is a certain 
amc tnt of energy loss. Hence for the flow of real fluids, equation 7· 18 may be 

mou, fied as 
PI Vl 2 P2 V2

2 
-· - +- +Z1 =- +- +z2+hL ... (! 19) 

w 2g w 2g 
wlh re hL is the loss of energy (or head) between the points under consideration. 

Equation 7'19 can be applied, between any two sections of a pipe or a 
channel or any other passage through which a real fluid is flowing, by 
cor 1~ idering the average values of the pressure intensity and the velocity. of flow 
at ( .tch of these sections. • 

(b) When the flow is steady but may not be irrotational. If the 
flo N is rotational then also the Euler's equation of motion can be integrated 
along a streamline provided the 11ow is steady . For this Euler's equation along a 
str 1m line may fir st be obtained as indicated below. 

I 

I 
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Consider <Ill clement of stream filament of cross-sectional area ou and 
length & along a streamline as shown in Fig. 7'2. The various forces acting on 
the clement are the body force and the pressure forces on the two ends. LetS be 
the componenL of the body force per unit mass in the direction s along the 
stream lin .:. Further if p is the mass density of the fluid then the mass of the 
fluid contained in the element of the stream filament is (p 8a 8s ). Therefore, 
the total component of the body force acting on the element in the direction s is 
equal to S (p 8a 8s). 

,. 
Fig 7 ·2. Elementary stream filament subjected to pressure and 

body forces 

If p is the pressure intensity on the left end of the element then the total 
pressure force acting on this end is (p 8a ). 

Since the pressure p varies with the distance in the direction the pressure 

intensity on tl1e right end will be (p +f;- os ) 
Therefore the total pressure force on the right end of the element will be 

(P' +f;- os ) Oa . 

The net pressure force acting on the element is therefore 

Fps = (pOa) - (p +f;- OS }~z 

or F ps = -~ &s &a 

Now if V is the velocity of flowing fluid at the element in the direction 
tangential to the streamline then as indicated in chapter 6 for steady flow the 
acceleration in the direction tangential to the streamline is 

av 1 av 2 . a,.=V-=--, as 2 as 
Now according to the Newton's second law of motion, in the direction of 

the streamline, we have 

~ (I av2) s (p bs oa ) - dS OS &:z = ( p OS oa ) 2 a;-
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Dividing both s ides by the mass of the fluid (pbs oa) in the clement and 
ta ~ ng the limit so that the element is reduced to a point, we obtain U1e Euler's 
eq tation of motion in the s direction at any point on the streamline in the 
fl o..v ing mass of f1uid as 

s-!. 2P_ =!. avz .. . (7'20) 
p os 2 Js 

The body force may be expressed in terms of the force potential as 

then equation 7·20 becomes 

S 
_ an 
--OS 

an+ l 2P_ + !_oVZ _ 0 dS p OS . 2 OS - . 
Now if it is assumed that the fluid is incompressible, then integrating Ole 

ab• •ve equation with respect to s, we get 
]!_ y2 - . 

Q + p + 2 - c ... (7 21) 

where C is a constant of integration, Ole value of which depends on the 
p<Hticularstreamline chosen and so the conswnt C wil'f in general be different 
fo different streamlines. 

However if the fluid is compressible then integrating the above equation 
wtr h respect to s, we get 

f ~ vz_ . 
Q + p + 2 - c ... (7 22) 

As stated earlier if the body force exerted on the flowing fluid is due to 
gr 1v ity only, then we have 

Q =gz 
Thus by substituting the value of Din equation 7·22 it becomes 

f ()n y2 
-;-+ 2 +gA =C .. . (7'23) 

For an incompressible fluid equation 7.23 becomes 

]!_ ~ - . p + 2 + g z - c ... (7 24) 

Equations 7'23 and 7·24 are again Bernoulli's equations for compressible 
and incompressible fluids respectively which are exactly same as equations 7' 15 
all(J7 ' 16. 

Thus on the basis of ~he above analysis it may be concluded that if the 
fl ow is irrotational then the same Bernoulli's equation is applicable to all the 
points in the flow field, that is for all we streamlines the value of the constant 
is same. However, for the rotational flow, we Bernoulli's equation is applicable 
orlly to particular streamline that is the value of the constant is different for 
different streamlines. 
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7. 5 BERNOULLI'S EQUATION DERIVED FROM Tfi 
PRINCIPLE OF CONSERVATION OF ENERGY 

As stated earlier each term in the Bernoulli's equation 7'17 represents t 
energy possessed by the flowing fluid per unit weight of the fluid. Therefore t 
Bernoulli's equation may be considered as an energy equation applied to 
flowing fluid. The general energy equation for Ole flow of fluids may be deriv• 
on the basis of the principle of conservation of energy and is essentially 
complete accounting of the work done on the fluid and Ole resulting change 
energies of the flowing fluid. Therefore, Bernoulli's equation may also I 
derived on the basis of the principle of conservation of energy .as indicat< 
below. 

Consider a free body of flowing fluid occupying a portion of a stream tul 
between two arbitrarily chosen sections 1-1 and 2-2 at any instant of time t

1 
< 

shown in Fig. 7·3. In a small interval of time dt the fluid moves a sho 
distance to a new position 1 '-1' and 2'-2' at another instant of time t

2
. Therefor 

Ct2- t 1 ) equals dt. 

z, 

MACHINE 
WORK 

IN STEADY FLOW THERE IS 
NO CHANGE IN THE STATE 
OF THE FLUID MASS 
BETWEEN S£CTIONS (-1' 
AND 2-2 D~ING dt 

Zz 

DATUM 

Fig. 7'3 Change of energy of flowing fluid in a stream tube 

The general energy equation describing the motion of fluid in Ole stream 
tube during dt can be expressed as follows : 
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and 
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[

Work done on the] [ Mechanical l 
fluid by external ± work performed 
forces during dt on the fluid 

[ 

Tot~! energy of ] [Total energy of] 
= fl u1d bet ween - fluid bet ween 

1'- 1' and 2'-2' at 1 2 1-1 and 2-2 at. / 1 

[ 

Total energy of J 
fl uid between 

1'- 1' and 2'-2' at t 2 

[ 

Total energy of J 
= fl uid between 

I '- I ' and 2-2 at I 2 

[ 

Total energy of] 
fl uid between 

1-1 and 2-2 at I 1 

I 

[ 

Total energy of J 
+ fl uid bet w cen 

2-2 and 2'-2' at t 2 

[ 

Total energy of ] [ Total energy of ] 
= fl uid between + fl uid between 

1- 1 and 1'-1' at t 1 1'-1' and 2- 2 at t 1 

For steady flow the state of the flowing fluid in the stream tube within the 
reg ion bounded between sections 1' - 1' and 2 - 2 remains unchanged with 
respect to time. Thus 

[ 

Total energy of J [ Total energy of l 
fluid between = fluid between 

1'-1' and 2-2 at t 1'-1' and 2-2 at 11 

Hence the general energy equation for the steady flow of fluid is reduced to 

the following form : 

[

Work clone on the] [ Mechanical ] 
fluid by external ± work performed 
forces durin~ dt on the fl uicl 

[ 

Total energy of ] [ Total energy of ] 
= fl uicl bet ween - fluid bet ween 

2-2 and 2'-2' at t 2 1-1 and 1'-1 ' at t 1 

Further when the flow of fluid is steady, the mass fl ow at sections 1-1 and 

:-2 during time[dl ~~i:~ t~ea::me], the [follo~i~~ ~:~~nui]ty equation holds : 

bet ween sections = bet ween sections 
1-1 and 1'-1' 2-2and 2'- 2' 

Let p1 and P2 be the pressure intensities and V1 and V2 be the ¥Ciocities of 
flow at sections 1-1 and 2-2 of the stream tube where the cross-sectional areas 
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of the tube are dA 1 and dA 2 respectively. Then the pressure forces (p 1dA 1) 

(p2dA 2) act at sections 1-1 and 2-2 respectively. During the time interval dt 
pressure force (p1dA 1) acting at section causes the liquid mass to move thro 
a distance (V1dl ). Thus the work done by the pressure force (p 1dA 1) on the 1 

body of the fluid in the stream tube during the time dt is+ (p 1d A 1) (V1t 

The positive sign indicates that both the pressure force and the distance thro 
which it acts are of the same direction. Similarly the work done by the pres~ 
force (p2dA 2) at section 2-2 on the free body of flowing fluid in the stream t 
is - (p2dA 1) (V 2dt ). The work done is negative because the pressure fe 
(p2d A2) and the distance (V2d1) through which it acts are of opposite directi 
Therefore the net work performed by the pressure forces on the free body of 
fluid in the stream tube during the interval of time dt is [(p 1dA 1) (V 1d1 
(p2dA 1) (V2dt )]. Now if dm is the total mass of fluid flowing across section 
1 during the time interval dt, or dm .is actually the mass of fluid in the stre 
tube within the region between sections 1-1 and 1'-1', or between sections: 
and 2'-2', as shown in Fig. 7'3, and if p1 and p2 are the mass densities of 
flowing fluid at sections .1-1 and-2-2, then 

dm dm 
(VidAl) dt = -- ; and (V2dA2) d1 =-

pI p 2 
By substituting these values the net work done by the pressure forces 

the free body of the fluid in the stream tube becomes [(p/p1)- (p.Jp0]dm . l 
pressure force on the boundaries of the stream tube from the adjacent fluids 
everywhere nonnalto the surface and therefore the work done by them is zerc 

In between sections, 1-1 and 2-2 there might be some mechanical dev 
such as a pump which performs work on the fluid and puts mechanical ene1 
into it, or there might be a machine such as a turbine on which the fi r 
performs the work and hence some of the energy possessed by the flowing fl 
is utilized. If hm represents the work done on the fluid by the machine or 
work clone by the fluid on the machine, per unit weight of the flowing fir 
then the total amount of work performed on the fluid or by the fluid may 
denoted by (+h,.gdm) or (-h,.gdm) respectively. 

As shown in Fig. 7·3, with reference to an arbitrarily chosen datum, 1 

gravitational potential energies of the fluid in the stream tube in the regie 
bounded by sections 1-1 and 1'1' and 2-2 and 2'-2' are (z

1
gdm) and (z

2
gd 

respectively, where z1 and z2 are the elevations in metres of these two regie 
above the chosen datum. The change in gravitational potential energy of t 
flowing fluid in the stream tube during time dt is, therefore, (z2 - z1) gdm. 

The kinetic energies of the fluid in these two regions are respectiv( 
(V1

2!2)dm and ('V2
2/2)dm. Therefore the change in kinetic energy of tJ 

flowing fluid in the stream tube during dt is dm Wl-V1
2)!2. 

Thus for the steady flow of the fluid in the stream tube of Fig. 7'3, t 
general energy equati~tn may be expressed in the mathematical form as follow 
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But 

and 

I!YDRAUUCS AND FLUID MECHANICS 

[

Work done on the] [ Mechanical ] 
fluid by external ± work performed 
forces during dt on the fluid 

[ 

Total energy of J [Total energy of] 
= fl uid between - fl uid bet w ccn 

l'-l'aoo2'-2'att 2 1-1and2-2at-t 1 

[ 

Total energy of J 
fluid between 

1 '-1' and 2'-2' at t 2 

I 

[ 

Total energy of J [ Total energy of J 
= fluid bet ween + fluid bet ween 

l '-1' and 2- 2 at t 2 2-2 and 2'- 2' at t 
2 

[ 

Total energy of ] 
fl uid between 

1-1 and 2-2 at t 1 

[ 

Total energy of J [ Total energy of ] 
= fl uid between + fluid between 

1-1 arrl 1'-I' at t 1 1'-1' and 2- 2 at t 
1 

For steady flow the state of the flowing fluid in the stream tube within the 
region bounded between sections I' - 1' and 2 - 2 remains unchanged with 
respect to time. Thus 

[ 
Total energy of J [ Total energy of l 

fluid between = fluid between 
1'-1' and 2-2 att 1'-1' and 2-2 at 11 

Hence the general energy equation for the steady flow of fluid is reduced to 

the following form : 

[

Work done on the] [ Mechanical ] 
fluid by external ± work performed 
forces durin~ dt on the fluid 

[ 

Total energy of ] [ Total energy of ] 
= fl uid between - fl uid bet w ccn 

2-2 and 2'-2' at t 2 I-1 and 1'-1 ' at t 1 

Further when the flow of fluid is steady, the mass fl ow at sections 1-1 and 

:-2 during time[dt ~~i:~ t~a::me], the [follo~i~~ ::~~nui]ty equation holds: 

bet ween sections = bet ween sections 
1-1 and I '-1' 2-2 and 2'- 2' 

Let p 1 and p 2 be the pressure intensities and V1 and V2 be the velocities of 
flow at sections 1-1 and 2-2 of the stream tube where the cross-sectional areas 
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of the tube are dA 1 and dA 2 respectively. Then the pressure forces (p
1
dA

1
) and 

(p2dA 2) act at sections 1-1 and 2-2 respectively. During the time interval dt the 
pressure force (p1dA 1) acting at section causes the liquid mass to move through 
a distance (V1dt ). Thus the work done by the pressure force (p 1dA

1
) on the free 

body of the fluid in the stream tube during the time dt is+ (p
1
d A

1
) (V

1
dt ). 

The positive sign indicates that both the pressure force and the distance through 
which it acts are of the same direction. Similarly the work done by the pressure 
force (p2dA2) at section 2-2 on the free body of flowing fluid in the stream tube 
is - (p2dA 1) (V 2dt ). The work done is negative because the pressure force 
(p2d A2) and the distance (V2dt) through which it acts are of opposite direction. 
Therefore the net work performed by the pressure forces on the free body_of the 
fluid in the stream tube during the interval of time dt is [(p 1dA 1) (V

1
dt)­

(p2dA 1) (V2dt )]. Now if dm is the total mass of fluid flowing across section 1-
1 during the time interval d1, or dm is actually the mass of flu'id in the stream 
tube within the region between sections 1-1 and 1'-1', or between sections 2-2 
and 2'-2', as shown in Fig. 7'3, and if p1 and p2 are the mass densities of the 
flowing fluid at sections .1-1 and2-2, then 

dm dm 
CVidA 1) dt =-;and (V2dA 2) dt =-

p, P2 
By substituting these values the net work done by the pressure forces on 

the free body of the fluid in the stream tube becomes [(p/p
1
)- (pjp0]dm . The 

pressure force on the boundaries of the stream tube from the adjacent fluids are 
everywhere nonnalto the surface and therefore the work done by them is zero. 

In between sections, 1-1 and 2-2 there might be some mechanical device 
such as a pump which performs work on the fluid and puts mechanical energy 
into it, or there might be a machine such as a turbine on which the fluid 
performs the work and hence some of the energy possessed by the flowing fluid 
is utilized. If hm represents the work done on the fluid by the machine or the 
work done by the fluid on the machine, per unit weight of the flowing fluid 
then the total amount of work performed on the fluid or by the fluid may be 
denoted by ( +h,.gdm) or ( -h,.gdm ) respectively. 

As shown in Fig. 7'3, with reference to an arbitrarily chosen datum, the 
gravitational potential energies of the fluid in the stream tube in the regions 
bounded by sections 1-l and 1 '1' and 2-2 and 2'-2' are (z

1
gdm) and (z

2
gdm) 

respectively, where z1 and z2 are the elevations in metres of these two regions 
above the chosen datum. The change in gravitational potential energy of the 
flowing fluid in the stream tube during time dt is, therefore, (z2 - z1) gdm. 

The kinetic energies of the fluid in these two regions are respectively 
(V1

2
!2)dm and CV2

2/2)dm. Therefore the change in kinetic energy of the 
flowing fluid in the stream tube during dt is dm (V

2
2-V

1
2)(2. 

Thus for the steady flow of the fluid in the stream tube of Fig. 7'3, the 
general energy equati41n may be expressed in the mathematical form as follows : 
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P1 P2 dm . f ) li); - P2 dm ±h,.gdm = (z2 - zi) gdm +2 (Vi- VI 2) ... (7 25) 

Dividing both sides by the common factor (gdm) and rearranging the 
various terms, the general energy equation 7'25 takes the following form : 

PI VJ 2 Pz V22 
-+-+z ±h =--+-+z2 p ,g 2g I m pzg 2g ... (7'26) 

Equation 7'26 is valid for the flow of both compressible and 
incompressible fluids. However, if the flowing fluid is incompressible then 
PI= P2 == p ==constant, then equation 7'26 becomes 

PI VI
2 Pz Vz2 

--+- +z ±h =-+-+z2 W 2g I m W 2g ... (7'27) 

since srecific weight w = pg. 

Now if there is no mechanical device in between the sections 1- 1 and 2-2, 
then neither any work is done on the fluid nor any work is done by the fluid and 
hence hm == 0. Equation 7'27, then becomes 

PI v, z Pz Vi 
-+--+z = -+--+z 
w 2g I w 2g 2 ... (7 '28) 

Since both the sections 1-1 and 2-2 are chosen arbitrarily, it follow s that 
for any section 

p V2 
..t:.L+--+z ==constant 
w 2g ... (7'29) 

which is Bernoulli's equation for the steady flow of an incompressible non­
viscous fluid in a stream tube, as derived earlier. However, for the steady flow 
of an incompressible real fluid there is certain loss of useful energy caused by 
the viscous and turbulent friction. Thus if hL represen1s the loss of energy per 
unit weight of fluid between the sections 1-1 and 2- 1': equation 7'28 may be 
modified as 

P1 V, 2 Pz Vl --+--+z == -+--+z2 +h 
W 2g I W 2g L .. . (7'30) 

which states that in steady flow of real fluid the total head (or total energy per 
N or per kg (f) of flowing fluid) at any section is equal to that at any 
subsequent section, plus the loss of head (or loss or energy per Nor per kg( f) of 
flowing fluid) occurring between the two sections. 

7'6 KINETIC ENERGY CORRECTION FACTOR 

In the Bernoulli's equation derived above the velocity head or the kinetic 
energy per unit weight of the fluid has been computed on the basi s of the 
assumption that the velocity is uniform over th e entire cross-section of the 
stream tube. But in the case of flow of real fluid s the velocity distribulion 
across any cross-sectional area of the flow passage is nt>t uniform. Therefore 
along any cross-section the velocities of flow will be different at different 
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points and the total kinetic energy possessed by flowing fluid at any section 
will be obtained by integrating the kinetic energies possessed by different fluid 
particles. If v is the velocity of flowing fluid at any point through any 
elementary area 'dA' of the cross-seclion, then the mass of fluid flowing per 
unit time will be (pvdA ) and the kinetic energy of this mass of fluid will be 

2 

(pvdA ) ; . .The total kinetic energy possessed by the flowing fluid across the 

entire cross-section A is 

f v3 w f p -dA ==- v3dA 
A 2 2g A 

... (7'31) 

By knowing the velocity distribution across any cross-section the actual 
kinetic energy possessed by the flowing fluid can be determined by using 
equation 7'31. 

It is however more convenient to express the kinetic energy of the flowing 
fluid in terms of the mean velocity of flow. But the actual kinetic energy 
possessed by the flowing fluid is greater than that computed by using the mean 
velocity. Hence a factor called kinetic energy correction factor represented by a 
(Greek 'alpha') is imroduced; so that the kinetic energy computed by using the 

mean velocity V may be expressed as (a 
2

1
; A V 3 ) and it is equal to the 

actual total kinetic energy possessed by the flowing fluid. Thus equating the 
two, the value of the kinetic energy correction factor a may be obtained as 

w a- AV3 
2g 

w 
- 2g { v3d4 

• 1 r. a ==-- v 3d4 
AV3 

.A 

Therefore ... (7'32) 

Mathematically, the cube of the average is less than the average of the 

cubes, that is V3< f- r v 
3M; the numerical value of a will always be greater 

.A 

than 1. The actual value of a depends on the velocity distribution at the flow 
section. The value of a for turbulent flow in pipes lies between 1'03 to 1'06, 
which is very close to 1, because in turbulent flow the velocity distribution is 
very close to uniform velocity distribution. However, for laminar flow in pipes 
the value of a is 2. 

In the application of the Bernoulli's equation between any two sections if 
the velocity distribution is non-uniform then the kinetic energy correction 
factors will be required to be introduced if the kinetic energy is expressed in 
terms of the mean velocity at each section. Thus equation 7'30 is modified as 
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A. V12 ...6_ V 2 
+al -2 +ZJ = + a2 !..l,_+Z2 + hL 

IV J: W 2J: . 
... (7'33) 

10 which a 1 and a 2 arc the energy correction factors at sections 1 and 2 
respectively. However, in most of the problems of turbulent flow the value of 
(X is nearly equal to 1, and therefore it may be assumed as one without any 
appreciable error being introduced. 

7. 7 BERNOULLI'S EQUATION FOR A COMPRESSIBLE 
FLUID 

As indicated earlier for a steady irrotational flow of a compressible fluid, 
Bernoulli's equation is expressed by equation 7' 15 as 

fdo v2 
p-+T+gz=C 

111 which it is assumed that the kinetic energy correction factor a is equal to 
unity. The flow of a compressible fluid may take place with either isothermal 
ot adiabatic changes of volume, and therefore the pressure term in the above 
•.:quation may be integrated by using the perfect gas la ws as indicated below. 

(a ) Isothermal change. For isothermal change, we have 

.E_ = K · or _e_ = K' 
p ' pg 

where K and K' arc constants. 

By substituting the value of p in the above equation and integrating the 
pressure term, we get 

y2 
K loge p +l + gz =. C ... (7 '34 a) 

or gK' loge p +i +gz = C ... (7'34 b) 

Applying the abpve eq11ation between any two sections 1-1 and 2-2, we 
get ; 

( ,. ' '"' . , : ~ ; ., •, . \ .,W.L.{'t . . - ' 
l:;:)1fl :)<1 Nkw·: !li'.Vt2 ~il !}IJ~S ~..'Ji: ··'l:.r.·wit Vz2 , · •• , 
·• , K log, Pt + y+gzt - K log, P2 + 2 +gz2 

1, i).• .. 
-1\~~ I " 

or , VI2 K' I v l gK log. p 1 +T+ gz1 = g og, P2 +-2 -+ gz 2 

or 

Equation 7'35 may also be expressed as 

Vl V1
2 

K Iog,(pJipi) =2- T+g (z2 -z1) 

v 2 v 2 
K' Jog. (piiP~ = 2; - ti-+ (z2- z1) 

Jeff{ .: t J 

... (7'35 a) 

... (7'35 b) 

... (7' 35 c) 

: .. (7 '35 d) 

) if"' 
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For a gas, the potential head terms z1 and z2 are usually small as compared 
with the pressure head terms and hence the same may be neglected. Equation 
7' 35 then simplifies to 

v 2 v 2 
K log, (p1 /pi)= -f-T ... (7'36a) 

, V22 V12 . 
or K log. (p11p2) = 

28 
-

28 
... (7 36 b) 

Equation 7 · 35 holds good for a frictionless isothermal flow of 
compressible fluid for which there is no less of energy as the fluid flows. 
However, if there is some loss of energy between the sections 1-1 and 2-2, 
represented by head loss hL. then equation 7'35 may be modified as 

V2 V2 
K log.p 1 + T + gz 1 =K log, p2 +"f-+gz2 +ghL .. . (7'37a) 

V2 V2 
or K' log. p1 + 2~ +z 1 = K' log. p2 + 2~ +z2 +hL ... (7'37b) 

(b) Adiabatic change. For adiabatic change, we have 

_£_- C · or P - C ' 
k - I • ( )k - I p pg 

where C 1 and C 1' are constants and k is adiabatic exponent or adiabatic 
constant. 

Differentiating the above equation, we get 

cJi!.. = C k pk- J · or !!2_ C k p'-2d p 
dp I • p I 

and 1£. = C ' gk k p• ·I · or ..f!E_ = C 'gk k p• -2 d p 
dp 1 ' p 1 

By substituting the value of (dp/p) in equation 7' 15 and integrating the 
pressure term, we get 

pk-1 y2 -
C1k (k _ 1 ) + 2 +gz- C 

p•··l y2 
or C1'gkk 

1 
+l+gz=C 

... . ., (k, - ) ~.· .. . .. , 
, , ,. , ] : .., ~ . ~ ·,. ' ,; I ; I ' ..J • ' ' . ' ' • I -

'!"hi9h1tpa~ ~~r~s~~<(f\ a~:b' n~riJ "I~J~'J1g llt S. fiOID~~ ;L ,., · . ;1 iO '(J IJ<JI;)V ~~Ol 
•.'.J'lQ :lr1l ~'\ ~ 1~'¥.1 v • -V'gz != o iJ21.<': ,ln ~~1!lj?.:nf) eriJ . (\ .rwrlJ .'. ~(1~8')a5 

:(~ , Tt~ ;t· P Rl 4 ;d':'.", ·llli ; ',.·'· ;K~i' · ,. ,; •)>· . 1 2 "1~) !~' 
'k . y2 .. ' 
_I!.. +-+z=C' 
k-1 w 2g or ... (7'38 b) 

Applying the above equation between any two sections 1-1 and 2-2, we 
get 

k P1 V1
2 k P2 V22 

---- +- +gz1 =-- -- + -+gz 
k -1 p1 2 k -1 p 2 2 2 

.. . (7'39 a) 

and 
k p ~? k P2 V2 
-- ......L. + -+zl = -- -- + _2_ +z 
k -1 w 1 2g k -1 w2 2g 2 

.. . (7 '39 b) 
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Again for a gas the potentia l head 1crms z1 and z2 nrc usually sm:-tll as 
compared with the pressure head terms and the sallle may be neglected so that 
equation 7'39 simplifies to 

or 

k p v 2 k p \' } ___ I +-~-=-_2+-·--
k - I p 1 2 k- l p2 2 

k PI Vl 2 k ----+-=-
k -1 W 1 2g k -1 

P2 V/ 
- +­
w2 2g 

... (7 '40 a) 

... (7'40b) 

Equation 7·39 is applicable for a frictionless adiabatic flow of compressible 
fluid for which there is no loss of energy as the fluid flows. However, if there 
is some loss of energy between the sections 1- 1 and 2-2, represented by head 
loss hL. then equation 7'39 may be modified as 

k P1 V1
2 k P2 Vl . 

k _ 1 ~+ T + gz1 = k=] P
2 
+2+ gz2 + ghL ... (7 41 a) 

k P1 V1
2 k P2 V2

2 
. 

or -k 
1 
-+ -

2 
+z 1 =-k 

1 
--+ -

2 
+z2 +hL ... (7 4lb) 

- w1 g - w 2 g 

7·8 PRESSURE VELOCITY RELATIONSHIP 

If the two sections in a flowing fluid are lying at the same height (.lbovc 
the assumed datum then z1 = z2 and the Bernoulli's equation applied between 
these sections reduces to 

'fh V,2 -.E.:;_ V22 . 
+ 2 - + 2 +lzL ... (7 42) w g w g 

which gives the pressure velocity relationship. Equation 7'42 is also applicable 
to the problems of fluid flow in which the effect of the fluid weight may be 
neglected. These include the problems of gas now and the flow of liquid in 
horizontal pipes. If the energy loss between the two sections can be neglected 
then equation 7'42 becomes 

f!.l. + Vl2 =..f.i_+V22 
W 2g IV 2g 

... (7'43) 

It is indicated from equation 7'43 that if the flow passage is such that V2 

the velocity of flow at section 2 is greater than V1 the velocity of flow at 
section I , then p 1 the pressure at section l will be greater than p2 the pressure 
at section 2 so that equation 7'43 wil l be satislie<l . In actual practice also it is 
observed that if at any section of flow passgae due to the considerations of 
continuity, the velocity of flow increases then the pressure at this section 
reduces and vice versa. 

,~APPLICATIONS OF IlERNOULLI'S EQUATION 
Bernoulli's equation finds wide application in the solution of many 

problems of fluid flow. The other equation which is commonly used in the 
solution of the problems of fluid now is the c:ontinui ty equation. Both these 
equations combinedly form a very useful too! in th r solution of many problems 
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of fluid flow. Some of the simple applications of Bernoulli's equation are 
discussed in the following sections. 

7'10 VENTURI METER 

A venturi meter is a device which is used for measuring the rate of flow of 
fluid through a pipe. The principle of the venturi meter was first demonstrated 
in 1797 by Italian physicist G.B. Venturi (1746-1822), but the principle was 
first applied, by C. Herschel (1842-1930) in 1887, to develop the device in its 
present form for measuring the discharge or the rate of flow of fluid through 
pipes. The basic principle on which a venturi meter works is that by reducing 
the cross-sectional area of the flow passage, a pressure difference is created and 
the measurement of the pressure difference enables the determination of the 
discharge through the pipe. 

As shown in Fig. 7 '4 a venturi meter consists of (1) an inlet section 
follo wed by a convergent cone, (2) a cylindrical throat, and (3) a gradually 
divergent cone. The inlet section of the venturi meter is of the same diameter as 
that of the pipe which is followed by a convergent cone. The convergent cone 
is a short pipe which tapers from the original size of the pipe to that of the 
throat of the venturi meter. The throat of the venturi meter is a short parallel­
sided tube having its cross-sectional area smaller than that of the pipe. The 
divergent cone of the venturi meter is a gradually diverging pipe with its cross­
sectional area increasing from that of the throat to the original size of the pipe. 
At the inlet section and the throat, i.e., sections I and 2 of the venturi meter, 
pressure taps are provided through pressure rings as shown in Fig. 7' 4. 

The convergent cone of a venturi meter has a total included angle of 21'± I' 
and its length parallel to the axis is approximately equal to 2 · 7 (D-d ), where D 
is the diameter of the inlet section and d is the diameter of the throat. 

s· 

2 3 
Fig. 7"4 Venturi meter 

The length of the throat is equal to d. The divergent cone has a total included 
angle lying between 5' to 15', (preferably about 6'). This results in the 

IS : 4477- t 975 provides detailed specifications for venturi meter. 
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Fig. 7'14 Free liquid jet 

Further if V
1

, V2 and V3 are the velocities at points 1, 2 and 3 along the 
jet, which are at heights Zt. z2 and z3 respectively above the assumed datum, 
then according to Bernoulli's equation for no losses, we get 

Vo2 Vt2 Vi V 32 
2g +zo = 2g +Zt = 2g +z2 = 2g +z3 

The velocities V 1, V 2 and V 3 etc., can also be resolved along x and z 
directions . At the topmost point 2 of the trajectory the velocity V2 will be 
acting parallel to the x direction and therefore its components in the z direction 
will be equal to zero. Moreover, there is no acceleration in x direction, the 
velocity component in the x direction is same at all the points along the jet, 

that is, 
CVo)x =(VI )x = v2 = (V3)x and so on. 

Further it is observed that from point 0 to 2, the z component of the 
velocity decreases, at point 2 it is equal to zero and from point 2 to 3 .it 

mcreases. 
The basic equations of projectile motion may be used to determine the 

velocity components at any point along the trajectory. Thus if V is the velocity 
and Vx arid V, are its components in the x and z direc tions respectively at any 
point A on the trajectory which is at a height z above the assumed datum, then 

we have 
Vx = (Vo)x 

and V' = CVo),- gt 
Further the coordinates of the trajectory are expressed as follows : 

X = (Vo)xt 

... (i) 
... (ii ) 

.. . (iii ) 

' 
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1 
(z- zo) = CVo), t - Tgt 2 ... (iv ) 

where t is the time elapsed after the liquid jet leaves the nozzle. By combining 
equations (ii) and (iv), we get 

V, 2 =(Vo)?-2g(z-z0 ) ... (v) 

For point 2 since z component of velocity is zero, from equation (v ) the 
maximum vertical elevation of the jet profile is obtained as 

CVo) 2 

(z- zo)max == ~ ... (7'53) 

By eliminating 't' between equations (iii) and (iv) and combining the r~sulting 
equation with equation 7'53 it can be shown that the horizontal distance of 
point 2 from point 0 is obtained as 

= CVo)x CVo), == Vo2 sin 28 (.
54

) 
L g 

28 
... 7 

As can be seen from equation 7'54 the distance L will be maximum for the 
g iven velocity when angle e is equal to 45'. 

Jn Fig. 7' 14 the total energy (o r head) line is also shown which is 
horizontal s ince there are no losses . Obviously the total energy line is at a 

V 2 [ CVo) 2 CVt) 2 
(V3) 

2
] 

distance of 
2
2

8 
which is alsoequalto 

28
x , 2t-and ~ above 

point 2 . 

r~ VORTEX MOTION . 
~Bernoulli's equation may also be applied to the problems of vortex motion. 

A rotating mass of fluid is known as vortex and the motion of rotating mass of 
fluid is known as vortex motion The vortex motion is of two types viz., free 
vortex motion and forced vortex motion. 

A free vonex motion is ihat in which the fluid mass rotates without any 
external force being impressed on it. In this motion the whole of the moving 
mass of fluid rotates either by virtue of some internal action or due to rotation 
previously imparted to it. Hence in a free vortex motion no expenditure of 
energy from any external source takes place. Some of the examples of a free 
vortex motion are : a whirlpool in a river ; the flow of a liquid drained through 
an outlet provided in the bottom of a shallow vessel such as a wash basin or a 
bath tub draining water through an outlet at a bottom ; flow around a circular 
bend in a pipe system ; flow of liquid in a centrifugal pump casing after it has 
left the impeller : flow of water in a turbine casing before it enters the guide 
vanes, ete. 

A forced vortex motion is that in which the fluid mass is made to rotate by 
~cans of some external source of power, which exerts a constant torque on tr.e 
I lu1d mass, thereby causing the whole mass of fluid to rotate at constant 
angular velocity w. As such in · a forced vortex motion there is always a 
constant external torque required to be applied to the fluid mass resulting in an 
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~" IJ~IlUHun.: ol energy. A 1nost Cllilii•:un c .\i.lll tpk u. ~ "J:,_._d v,•rtex motion is 
that of a vertical cylinder containing liquid rotated about its central axis with a 
constant angular velocity. Some of the other examples of forced vortex motion 
are the flow of liquid inside the impeller of a centifugal pump; flow of water in 
the runner of a turbine etc. 

J 
AXIS OF I 
ROTATION 

~(P+~dr)dA. 

STREAMLINES 

(pgr-dedr-dz) dz 

.....-DATUM 

(b) 

Fig. 7'15 Vortex motion : (a) plan view of a vortex motion 

(b) elevation of a vortex motion 

A vortex motion may also be characterised as cylindrical vortex motton and 
spiral vortex motion. A cylindrical vortex motion. is that in which the fluid 
mass rotates in concentric circles i.e .. this motion may be described by 
concentric circular streamlines. A spiral vortex motion is a combination of 
cylindrical vortex motion and radial flow that is, when a cylindrical vortex 
motion is superimposed over the radial flow, then the resulting vortex motion 

I 

I ,, 

.. 
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is known as spiral vonex motion. All these types of vortex motions can exist 
independent of each other so that any of the four types of the combination of 
vortex motions is possible, viz., (a) Cylindrical free vortex ; (b) Cylindrical 
forced vortex ; (c) Spiral free vortex ; and (d) Spiral forced vortex. In the 
following paragraphs different types of vortex motions have been analysed. 

Fundamental differential equations representing the variation of pressure in 
a cylindrical free and forced vortex motion may first be developed. In a 
cylindrical vortex motion the fluid particles rotate along circular path at a 
constant speed. When the fluid particles move at a constant speed along a 
curved path, the pressure within the fluid mass on a horizontal plane varies in 
tqe radial direction only. Thisvariation in the fluid pressure may be determined 
by considering the dynamic equilibrium of an element of fluid mass within a 
stream tube moving in a curved path on a horizontal plane as shown in Fig. 
7'15. The fluid element of mass (pdAdr)is located at a distance r from the centre 
of its curved path where its tangential velocity is v. Since the magnitude of the 
tangential velocity is constant, there exists no variation of pressure in the 
tangential direction. However, on the two radial faces there exists a difference in 

the pressure forces (pdA) and [ (p + ~dr )dA] due to the centrifugal force 

on the fluid element. Therefore 

or 

(p + Pfdr )dA- pdA = pdA dr :
2 

~- v2 
or- p r ... (7'55) 

If there is no acceleration (other than gravity) in the vertical direction then 
considering the equilibrium of fluid element in the vertical direction we have 
from Fig . 7 ' 15 (b) 

prd e dr-(p + :; d z ) rd 9dr = pg rd8 drdz 

or 1;-=- pg ... (7'56) 

Equations 7'55 and 7'56 are the fundamental relationships which may be 
used for studying the flow characteristics in vortex motion. It may be noted that 
equations 7'55 and 7'56 are same as equations 5'17 and 5'18 derived in Chapter 
5. 

(a) Free vortex motion, As stated earlier in free vortex motion no 
externaJ torque is required to be exerted on the fluid mass. Therefore the rate of 
change of angular momentum of the flow must be zero. Thus again referring to 
the fluid element in Fig. 7' 15, if m is the mass of the fluid element then 
following equation of angular momentum of flow may be obtained, 

a (mvr) 0 
0/ 
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which upon in teg rati11g, becorn .;s 

vr =constant= C .. . (7' 57) 

It is thus seen from equation 7'57 that the veloc ity of flow in a free vortex 
motion varies inversely with the radial distance from the centre of vortex 
motion ; that is when r -> oo , v ~ 0, and for r ~ 0, v ~ oo. The point where 
the velocity v becomes infinite is called singular point. This condition for the 
velocity of flow to approach infinitely large magnitude at the centre of a free 
vortex motion is however not developed in actual practice as explained below. 

:\ ~ .. d ... r. ..., . , 'I~ . , . ! " • .. .• • ~ ' ,. 

TOT~,L'EN~~~-Y·~. ~I~E F::: l~~A~; ·" ~- .. t",L: ~· ~· r- ,: 

!i 

r · "l1 ·, ~, · : 

~~-~,y 
~~ ' r ~~~ J---!-

\\~ 
·, Zo . 

z2 

DATUM 

Fig. 7'16 Free vortex m ution 

For a free vortex motion the circulation around any streamline may be 
calculated as r = (2n:r)v = 2n:C, which is ind ependent of r. Hence the 
circulation around all the streamlines of a free vortex motion is constant. 
Further it may be shown that the flow-field o f' a free vortex motion is 
everywhere irrotational except at the axis and therefore the free vortex motion is 
also called irrotational vortex motion. It is thus observed that for a free vortex 
motion although the circulation around the various streamlines is not equal to 
zero yet the motion is irrotational. This paradoxical situation may however be 
made clear as follows. If the axis which is a singular point in this case is 
separated from the rest of the flow field by enclosing it within an infinitesimal 
area surrounded by a streamline consiaered at an infinitesimal distance from the 
axis then since the circulation around the various streamlines is constant, it 
may be readily shown that the net circulation. for the entire flow-field outside 
the infinitesimal area is equal tO zero which thus satisfies the condition for an 
irrotational motion. Within the infinitesimal area close to the axis the flow is 
rotatio~~.l. The f<;>regoing analysis of a free vortex motion is valid only for id~l 
fluids~· In the ca5e of a rC4l fluid, in J,he centr!ll region of a fr~ vg~te~ ~W·!&n 
the viscous effects· become ·quite predominant, due to which a central core of 
fluid ... ;,h rotational motion is developed in which the fluid tends to rotate as a 
solid body with velocity proportional to the radius as in the case of a forced 

l 
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vortex as indicated later. Farther away from the central region where. the viscous 
effec ts are negligible irrotational motion is developed. Equation 7' 57 then 
applies only to the region farther away from the central region of a free vortex 
motion. As such in the case of real fluids a combination of free and forced 
vortex motion frequenLly occurs which is known as Rankine vortex motion. 
The motion of air mass in a tornado is found to approximate this type of 
combined vortex motion. 

The irrotationality of a free-vortex motion may also be visualized by 
developing a free vortex motion with a free surface on which small particles of 
some light-weight material capable of floating <!,t:e placed. It will be seen that as 
'these'J)articles move with the fluid theyltlo· riofr;'9,tate about their axes, which is 
indicated by a line marked on the particle remaining parallel to itself during the 
different positions of the particle. ' 

By introducing equation 7'57 in equation 7 '55, the radial pressure gradient 
for a free vortex motion becomes · 

~· C2 
Jr = P -;:3 ... (7'58) 

The distribution of the fluid pressure in a free vortex motion is obtained by 
integrating both equations 7'56 and 7' 58 between any two points 1 and 2 in the 
fluid (Fig. 7 '16) and their results combined in the following forrn : 

P2- P 1 l C2 ( 1 1 ) ( ) --- =-2 2-2 +g Zj-Z2 
.p r1 '2 

". (7' 59) 

Again from equation 7' 57, vr = v1 r 1 = v2 r2 = C, the above expression can 
be rearranged and written as 

P1 V1
2 

P2 V2
2 

- + -+ gz 1 =- + -+ gz 
p 2 p 2 2 

which indicates that Bernoulli's equation for the flow of an ideal fluid also 
appli es to the free vortex motion. Since the points 1 and 2 have been chosen 
arbitrarily, this equation thus provides an additional proof of the irrotati'Jnality 
of a free vortex motion. 

The profile of the free surface of a free vortex motion is obtained by 
considering P1 = p 2 = Pa = 0 in equation 7' 59. Thus 

or 

.(zz- z1) ~ t ; . (,~2 ~: ,~2) 
ICl 

z = zo- 2 gr2 

as shown in Fig. 7' 16; pere Pa denotes atmospheric pressure. 

... (1'60) 

... (7'61) 

(b ) Forced vortex motion. As stated ·earlier forced vortex motion 
occurs-when· a constant 'torque is' applied t0Jthe'fluid mass/fhis·ty~ of motion . 
may be developed if a·•c'ylinder containing some 'liquid' is 'rotated aoolit''i'ts 
vertical axis at a constant angular velocity w. The liquid inside the cylinder is 
forced to rotate with the cylinder. In this case also [which has already been dealt 
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with in Chapter 5 section 5'5] tile streamlines arc concentric circles and the 
velocity v of any liquid panicle at a distance r from the axis of rotation may be 
expressed as 

v = rw ... (7"62) 

Equation 7 · 62 therefore indicates that in a forced vortex motion the 
velocity of flow is directly porponional to its radial distance from the axis of 
rotation. 

By substituting the value of v in equation 7"55 , the pressure gradient in 
the radial direction for a forced vortex motion becomes 

f,- ~ proJ ... (7"63) 

Again the distribution of the fluid pressure in a forced vortex motion is 
obtained by integrating both the equations 7"56 and 7"63 between any two 
points 1 and 2 in the fluid and their results combined in the following form : 

P2-PI 1 2( 2 2) ( .\ (7"64) -11-- = 2 w r2 - rl + g ZJ - zv ... 

Equation 7"64 shows that, in a forced vortex motion, (1) on any horizontal 
plane (i.e ., z1 =r z2) the fluid pressure increases with the radial distance from t11e 
centre of vortex· motion ; (2) surfaces of constant pressure (i.e., p1 = p 2), are 
paraboloids of revolution ; and (3) the free surface (i.e., p1 = p2 = p a) is a 
special surface of constan~ pre~sure and is also a paraboloid of revolution. 

The forced vortex motion is essentially a rotational motion because every 
fluid particle in such a motion is also found to rotate about its own axis as it 
moves along the curved path . Mathematically also it can be shown that a 
forced vortex motion is rotational. Therefore in a forced vortex motion the 
Bernoulli 's equation may although be applied to the same streamline, it cannot 
be applied between points on different streamlines, which is also indicated by 
equation 7"64. 

As stated earlier a spiral vortex motion is a co mbination of a cylindrical 
vortex motion and radial flow. Hence before analysing spiral vortex motion 
is essential to discuss the radial flow, which is described in the next section. 

7·17 RADIAL FLOW OR RADIAL MOTION 

When a fluid 11ows in radial direction, so that the pressure and velocity at 
any point in the flow varies with respect to the radial distance of that point 
from me central axis , then the flow is designated as radial flow. For producing 
radial. flow consider two horizontal circular plates of same diameter placed one 
above the other at a small distance B apart, as shown in fig. 7'17. The bottom 
plate is provided with an ·opening at its centre, to whiCh is attached, a vertical 
pipe of th~ s_ame: 9ia1J!ete~ .~~ th.fl~ of the opening. Thrqugh .the central pipe let 
~Qqt~ liquid . be . alloweq, t.gJlow ;UP continuously, which will flow radially 
o~t~ard \>~tween. th~ I?l.~t~s. th~r~py d~ve1opi~Jg the r,adial flow of liquid. 
ConsAder -s~ctiof:!~ 1".1 ancJ 2-) in the radial fl0w.as shown .i!l Fig. 7:17. Section 
1-1 is assu.med _tQ be locate<,! where the ·radial flow of liquid just commences 
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i .e ., at this section the liquid just enters from the vertical pipe into the passage 

between the plates : and 
section 2-2 is just at the 
outer periphery of the plates 
where the liqu id is discharged 
into atm ospheric air. Let r 1 

and r2 be the radial di stances 
of sec ti ons 1-1 and 2-2 · 
respectively fr-om the central 
axis ; and v1 and v2 be the 
radial velocities of flow · of 
liquid at sections 1-1 and 2-2 ' 
respectively. Now if Q is 
di scharge of liquid through 
any section then from 
co ntinuity equation the 
following relation between 
the velocity of flow . and the 
radial distance may be 
>btained. 

Q = (2nr 1B xv1) = (2Trii,B xv2 ) 

= (2rcrxB X vx) 

vr v1r1 = v2r2= vxrx =constant 
... (7"65) 

where r x is the radial distance 
of any sec tion X -X shown in 
Fig. T 17 and vx is the radial 
velocity of now at sec tion 
'< -X. 

~ 

Fig. 7 "17 Radial flow 

Now if p 1, p2 and Px are the pressure intensities at sections 1-1 , 2-2 and X­
X respec tively then neglecting the loss of head and applying Bernoulli's 
equation betw~en t11ese sections which are located at the same elevation above 
the datum, the following expression may be obtained 

PI YJ 2 P2 V l Px . Vx 2 

--+-=-+--=-+-=H 
~ ' .2.8 . . w . . ,2g w 2g 

• ,• ' ~ ' t I 

... (7"66) 

where w is specific weight of the flowing liquid and H is cons~nt, the value of 
which may be_ computed; by the values of yither p1 and v1 or p2 and v2 being 
known. · · ' · 

Since section 2,2 .is .cqnsidered to be locat¢. just;at the oute' .periphery of 
the plates, the pressure p2 ;:; atmospheric pressure p.,.Thus from..equation.7:66w 

··,~I , ',(\:.. :; (' . • -
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i!J_ = J.!.g_ + vi - .::{_ .. . (T 67) 
w w 2g 2,~; 

Further from equation 7'65 as r 1 <r2, v1>v2 and hence i~ may be seen from 
equation 7 · 67 th at the pressure p 1 at section 1- 1 is less than the atmospheric 

pressure. 

Again from equations 7'65 and 7'66 

...E.:_ = H- vx2 = 11- _I_ (vi r22) 
w 2g 2g r/ 

... (7. 68) 

Equation T 68 represents the pressure di stribution in a radial fl ow, from 
which it may be seen that the pressure at any sec tion in the radial flow varies 
with the square of the radial di s~ance of the sec tion from the central axi s. 
Further the pressure increases with the increase in the radial di stance following 
a parabolic law . The pressure di stribution curve is also shown in fig. 7 ·17 
which is known as Barlow's curve. 

Total Pressure on the Upper Plate. Th e total pressure (or thrust) 
exerted on the circular plates due to radial flow of liquid may be obtained with 
the help of equation 7'68 . For this consider a small portion of the upper plate 
in the form of an elementary ring at a radial distance r2 and thickness dr as 
shown in Fig. 7 '17. The total upward pressure on ll1e ring 

7' (27rr2 X dr) X Px 
.. . \ \~' -:r- . 

• •. • tie~1'\it 1N;·b :~ .- • • · i. ·.I v v2~ ;\ '2
2 . .!.l,i.Jplo~':- ...;,v '. ~~~ -:: '\' If 'lO t~klhi;\~"'..m";r .~~w. • ine-r.2g ~.· ~x0')~ : ?.~~~~.~~. ~~1\(}~ ~.. , 

-;· """-.;., • .,, /- I ''T") ~~ • ·-'X >'•"'t .... '•')TJ llM. ,; ~ · , r 1 l . . 1 1' 
Thus the upward thrust on the upper plate in the portion between r1 and r2 '. 

/_•.: '\. ' 

= -..... 21t ~r ·H - 2 ~ a-···f r2 , [ · ~2 ,-.2J~ 
• • • l f l . .rWat '• •.1 • ~g. rx ' 

\~j J ~) (. !1 .. v'/1 . ., 11 j~ <_Jt:JvL...o~' 
" .i~~h;•,\ '· ~ 1.t C~: :~n~tJt.,t ... '~ 'J.... 

[
H (rl- r1

2
) vl · . J 

= 2mv 
2 

- r 2
2 

28 
log, (r7Jr1) 

'• 

Further if p0 is the pressure of the liquid in the central vertical pipe, then 
assuming this pressure to be constant over the entire cross-section of the pipe, 
the upward thrust on the area (w1

2) of the upper plate= Pox (w1
2
). 

Thus total upward pressure (or thrust) on the upper plate becomes 

[
H (r22 - r 12) ~ vl J . . . 

F u = 2nw 
2 

r 2-
2

g log, (r-Jr1) +(pox 1l71
2) ... (7"69) 

The top portion of the upper plate will be subjected to a downward force 
which may be either due to atmospheric pressure or it may be due to hydrostatic 
press ure exerted by some column of liqu id lyi ng above the plate. Thus 
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downward force on the top portion of the upper plate may be obtained as 
follows. 

(i) lf only the atmospheric pressure Pa acts, ll1en the downward force 

Fd =(pa X wl> 
(ii) If there is a liquid column of height h and specific weight w over the 

entire top portion of the upper plate then the downward force 

Fd = (wh +pa) 1l722 

The resultant force F R on the upper plate may then be obtained as 

F R = (F u- F d) or (F r F u) 

Total Pressure on the Bottom Plate. Due to radial flow .of liquid 
the total pressure (or thrust) exerted on the top portion of the bottom plate will 
be acting in the downward direction, which may also be determined by adopting 
the same procedure as indicated in the case of the upper plate and it is obtained 
as 

[
H(r22-rl2) 2 vi ] 

Fd= 2mv 2 - r2 lg loge (r-Jr1) ... (7'70) 

Further the lower portion ofthe bottom plate will also be subjected to an 
upward force F u either due to atmospheric pressure or due to hydrostatic press tire 
exerted by some column of liquid lying above the plate as indicated in the case 
of the upper plate. 

The resultant force FR on the bottom plate may also be'obtained as . . 
.. '· '''· · ,. J }L>L !.'· ;>,. ' ' . .. • .· ··'"""~ "'£· .. ...... .._~ . .do om h.~.~ ::o.,. .. .~ ,, ·~ . ~·-~..: 

' Area of F'li l#'(li';t•rFtll1or:(Fi::J F d t ' , ·~"' • . ·~ ;.r · ~- ' :".;.;. '-~:>sf! 
\() '(fl'l<:~\w tl \6·'\~\l\W t~n".nj ~(\~ m t.'O 1\ .t·~ ·~rqmarll ~vU81huiR · . : ... 
7'18 SPIRAL . VORTEX MOTION .·.:;;..;.r· ... ,'• ·~· ··1->' \. <:' 

A spiral vortex motion may be developed when a cylindrical vortex motion 
is superimposed over the radial flow. In other words a spiral vortex motion ·is·a 
combination of cylindrical vortex motipn and radfru·flow and heuc.eithelpressure 
diff~rence bet~e~n,a~y,~w.o, .P,<?i~iS, .tY,l~g:.?.n,~,\mfi~P,ntat p_I~n,e)n,~~~~P[~~·yo.(\e.x ., 
mollon may be obtamed oy combmmg the correspondmg equations for the 
cylindrical vortex motion and the radial flow. Accordingly .the following 
expressions may be obtained for a spiral vortex motion. 

(i) Spiral Free Vortex Motion 

p2 PI C
2 

( 1 . 1 ) ( vl
2 vl) 

;:;- - ;:;- = 2g· r1 2 - rl + 2g - 2g ... (7'71) 

(ii) Spiral Forced Vortex Motion 

p2 PI w2 (v 2 v22) --- = -2 (r22-rl2) + _I __ -2 ... (7'72) 
w w g 2g g 

, \ ~ r \ _I I 
41 
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Illustrative Example 7 ' 1. A o·25 m diameter pipe carries oil of 
specific gravity o·s at the rate of 120 litres per second and the pressure at a 
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point A is 19'62 kN!m2 (gage). If the point A is 3'5m above the datum line, 
calculate the total energy at point A in metres of oil. 

Solution : 

Total energy in terms of oil is given by 

£..+y2 +z 
w· 2g 

..£__ 19'62 X 103 _ . . 
w - 9 81 0 x 0. 8 - 2 5 m of oll 

By continuity '· ., · 
Ml'lF'~!'J"t. fnaJ/ W ST;_ fi 01Lt~'"JJ~ f.;.! ' . ·- 1 :._\! .a~L!.f "·. '..._'-'. ·~ ' 1 ~ -.. -~,.i_,:, ·. . · · t, lWtLtn w.n · ~··ihn::., fl' · ,J,(I ~ ~ ··' · • • (' 1 

• , ' 

lfi~wlAifi f9#1L iftllRLTRiM~a~¥1#;(19-~4?~~ , : ( .. dli'1l%/Jmee~~t~Phx\~. 
·w,r:. , .I; . { i•~r.':''~' •.r( n~fQ~;tl20:x :lO~dolT:.;0J 12 •mYSrrwoo .. ~ii.J Of ·~w~::-4r~ . . , 

A = ~x (0'25)2 = 0 '049 m2 '' 
4 

() 0 ' 12 
Therefore V = ~= -- = 2 '45 m/s 

A 0'049 

V2 (2'45)2 . . 
and lg = 2 x 9 . 81 = 0 31 m of oil 

z = 3'5 

Total energy= (2'5 + 0 '31+3 '5) 

= 6'31 m of oil. 

Illustrative Example 7·2. A o·3 m pipe carries water at a velocity of 
24'4 mls . At points A and B measurements of pressure and elevation were 
respectively 361 kN!m2 and 288 kN!m2 and 30'5 m and 33 '5 m. For steady . 
flow, find the loss of head between A and B. 

Solution: 

Total energy in terms of metres of water is given by 

.P_+~+z 
w 2g 

At point A 
n 361x103 ._ = - 36'80 m of water 
w 9810 -

y2 (24'4)2 . . 
2

g = 
2 

x 
9

. 
81 

= 30 34 m of watc1 

z = 30'50 m 

. . Total energy at A 

= (36 '80 + 30 '34 + 30'50) = 97'64 m 
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At point B 
.P_ 288 X 103 . 
w = 9 8 1 0 

= 29 36 m of water 

V2 - (24'4)2 - . 
2g - 2 x 9 . 81 - 30 34 m of water 

z = 33·5 m 
. . Total energy at B 

= (29'36 + 30 '34 +33'50) = 93 '20 m 
Loss of head = (97'64- 93 '20) = 4 '44 m 
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Illustrative Example 7 '3. A pipe 300m long has a slope of 1 in 100 
and tapers from 'J-'2 ! f!1 ' d,iamete~: cWthe hig~ ~nd to ·p·6 '?: diameter at th~ low 
e~d. Quiui~ity '0! water ftpw~ng is 5 40~~1t!s P:.e'"k .. 'minu'tft f/; th: ere;~ui~ et ~~~ . 
~!t~~1~s1ff.;a\~\g~\LQ,?f..f~-lf)lf%l.i N,~ ~'-"L'?~~'rt~~.~ 

. ., r• . . . ' Solution · · · · · · · .,, ·•" 

Discharge = o ·o9 m3/s 

Area of now section at higher end 

: . Velocity at higher end 

= ~(1 . 2)2 = 1'131 m2 
4 

0'09 
= Tl3T = 0'079 6 m/s 

Area of now section at lower end 

. . Velocity at lower end 

= ~(0'6)2 = 0'282 7m2 
4 

0 '09 . 
=

0
.
2827 

=03184m/s 

Applying Bernoulli's equation between the higher and the lower ends of the 
pipe we have 

P1 V1
2 P2 Vl 

--+-+z =--+-+z2 W 2g I W 2g 
Assume datum to be passing through the lower end of the pipe, then 

z2=0;andz1 =~~ =3 '0m 

Thus by substitution 
In Sf Units 

68'67 x 103 co·o79 6)2 .
0 

P2 co·3184)2 
0 9810 + 2x9'81 + 3 =-;;- +2 x 9 '8 1 + 

or .!!1... == 9'995 m of water w 
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P2 = 98 '051 kN/m2 = 98'051 kPa 
In Metric Units 

or 

0'7 X J 04 

1000 
(0'0796)2 -3'0-.f!l._ (0'3184)2 0 

+2~9'81- -w +2 x 9'81 + 

..l!:L= 9'995 m of water 
w 
p2 = 0'999 5 kg(f)/cm2 

Illustrative Example 7'4. A conical tube is fixed vertically with its 
smaller end upwards. The velocity of.flow down the tube is 4'5 mls at the 
upper end and 1'5 mls at the lower end. The tube is 1'5 m long and the pressure 
head at ihe ~pper end is 3'1 'ni'~j the liquid. The loss in the tube exprl;sse_d as a · 

. 0 '3 {V1 - V2)~ ·-- . · · , 
head zs 

28 
where 'V1 and V2 are the velocllles at the upper and 

lower ends respectively. What is the pressure head at the lower end? 

Solution : 

Applying Bernoulli's equation between the upper and the lower ends, we 
have 

or 

or 

P1 V1 2 P2 V22 0.3 (VI - V2)2 
- + - + Z = - + - + Z2 + 
W 2g I W 2g 2g 

..f!:L = ...PJ.._ + (z
1 

_ z
2

) + V1
2 

_ V 2
2 

_ 0.3{V1 - V 2)
2 

w w 2g 2g 2g 
p 

-
1
- = 3 ·1 m, (z1 - z2) = 1' 5 m 

w 

V 1 = 4 · 5 m/s, V 2 = 1 · 5 m/s 

Thus by substitution, we get 

.f!l._- . . ~ 
w - 31 + 15 +2x9 ' 81 

.f!.1.. = 5'38 m 
w 

. . Pressure head at the lower end, 

D..:£ 
2x9 '8 1 

0'3(4 '5- 1'5)2 
2x9 ' 81 

, 4 = 5'38 m of liquid flowing in the tube. 

l/ Illustrative Example w 7 ' 5. A 15 kW pump with 80% effieiency is 
discharging oil of specific gravity 0'85 10 the overhead tank as shown in the 
figure . If losses in the whole system are 1' 75 m of flowing fluid , find the 
discharge. 

Solution : 
Applying Bernoulli's equation between I and 2 , we have 

EQUATIONS OF Mo·noN AND ENERGY EQUATION 

P1 V1 2 P2 V2 2 

- + -2 +Z1 +l-Im=-+ -2 +Z2 + hL 
IV g W g 

P2 0 . 2 ' h . -- = , smce pressure at IS atmosp enc; 
w 

V1 and V2are negl~gible and hence the velocity heads are neglected; and 
hL = 1'75 m 

Thus by substitution, we get 

4' 17xl03 . . 
(0.85X9810) +50+0+Hm=0+0+25+175 

or Hm = 16'75 m of oil 

IR PRESSURE 
41·7kN/m 2 

~ u ~ ~ ~l 
---=---= ==~ I 

Efficiency of pump 

where P is power in watts. 
Thus 

25·0m ;,:'l 
8
2 

~m 

Example 7' 5 

11 = wQ l-Im 
p 

PUMP 

0.80 (0'85 x 98lO) xQx l6 ' 75 
15 X ] 03 

. . Q = 0'086 m3/s 
Discharge= 0 '086 m3/s or 86 litrcs/second 
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Illustrative Example 7'6. A portion of a pipe for conveying water is 
vertical and the diameter of the upper part of the pipe is 50 mm, and the 
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.\ection is gradually reduced 10 25 mm diameter a1 the lower part. A pressure 
gage is in serted where the diameter is 50 mm and a second gage 2m below the 
{trst and where pipe is 25 mm diameter. When the quantity of water flowing up 
through the pipe is 0'205 m.J per minute, the gages show a pressure difference 
of 3 1 kNim2 (or 31 kPa). Assuming that the head loss varies as the square of 
1 he velocity determine the quantity of water passing through the pipe when the 
two gages show no pressure difference and the water is flowing downwards. 

Solution : 

The head loss varies as the square of velocity, as such if v is the velocity 
of flow at any sec tion CC at a distance x from the lower end as shown in the 
figure then, the hC4d ,}Ql)SJO£ fl §)JlaJll,ength dx of the pipe is 

' .. 
·' /, •. ·'.. ·\.I.'. dh':=kv2·.·.·· '''· ' . ·: '·' ·' 

f ,.... • ~~ 'J' ,.,n. '1. .... 

where ~t· i s a constant of proportionality. By integrming the above expression 
the total loss of head for the entire pipe between the sections 1-1 and 2-2 is 
obtained as 

2 

h1 = { k v2 dx 

Jo 
.. . (i ) 

The diameter of the pipe at section CC is obta ined as 

(
X +2) d = 0·025 -

2
- m 

If Q is the discharge fl ow ing through the pipe then 

= 2 

(n/4) (0'025) 2 ex ; 2
) 

Q Q 
v = (n/4)d2 

By substituting the value of v in equation (i), we get 
2 -I k Q 2 . C2t 

hi -
0 

(n/4)2 (0'025)4 ·e-x +2) 4 dx 

or - 16kQ
2 l [l l_ ] 

hi- (n/4)2 (0'025)4 x 3 8 - 64 

- 7kQ 2 

- (7t/4)2 (0 '025)4 (12) ,•,,{ ,. 

When:water is flowing in the upward direction, then applying Bernoulli's 
equation ·bet..y~h~~~@.n~ I£!!1in(l Z..f~g~t~s(JK : :! :rn:k as .\·h(1w~ .n th.e 

J!l.. V l :<' - P1 . . V 12 . . '.. J 
+ -2 + %2 =,~ ,+ ·___,2 .. +ZI +II 

w g w · .· g 

( El.. - E.!..) = 31x103. = 3 '16m 
w w 9 810 

t< 

EQUATIONS OF MOTION AND E~ERGY EQUATION 34: 

0'205 
Q = 6() = o·oo3 42 m3js 

_Q_ - (l'003 42 -
V2 -A 2 - (n/4)(0'025 )2 -

6'97 m/s 

Q 0 ''0003 42 
V1 =At = (n/4) (0'05) 2 = 1·74 m/s 

z2 = 0 and z1 = 2 m 

,· 

1,1 -•.\,\ :, ri'. :\(}ih.\1,\blt ib QI!H\J' _, •oi!J;11•.dli1 

·;.,\ 1\';H i \1, 

2m 

~dx 

1 
X 

_L-L-

Ex ample 7 '6 

Thus by substitution, we get 

3'16 (6'n)2 
+2 x9'8 1 

(1 '74)2 - 7k (0'003 42)2 
2x9'81 - 2 - (n/4) 2 (0 '025 )4 (12) 

or k = 0 ' 123 

Now when the water is flowing in the downward direction then aga in 
applying the Bernoulli's equation between the sections 1-1 and 2-2, we get 

PI Vl 2 P2 . V22 ' ·- I 

-+.-2 + ·Zt =-+-2 +'z2+ht .. w g w g ' 

~···I q,}~)~ Pl \f.,ft~7;rr.HI+ ~1. l\1' I 
'\) ~"·~ ~; '~~~y·-· , ·~~t1f:-t'~!.~hft.~r· ·n 10 

,, 
If Q is the discharge flowing i.fl If!§ ~~$~rt,h~"·, 

-:t:•. 
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v2 = 4 v1 

Thus by substitution, we get 

or 

Discharge 

\11
2 16V1

2 7(0'123)(rr/4)2(0 '05)4V1
2 

2g +2 =2"g+O+ (rr/4)2 (0 '025)4xl2 

V1 = 1·02 m/s 

Q =A1 VI 

= [~co ·os)2xl'02] = 0'002 m3/s 

= (0'002 x 60) = o·12 m3 per minute. 

Illustrative Example 7·7. The velocity distribution in a pipe is 
given by 

V =Vma~ (1 -; Y 
where R is the radius of the pipe, r is any radius at which the velocity is v and 
n is a constant index. Find the energy correction fa r. tor a. for this case. Also 

determine the value of a when n = i 

and 

or 

Solution: 
The mean velocity of now Vis given by 

R 

Q = rrR 2V = t 2rrr V ~ ( 1- ; y dr 

2rrR 2V max 

( n +I) (n +2 ) 

V = 2 V max 

(n + 1 ) (n + 2) 

.!._= (n+l)(n+2) ( 1_....!:._)" 
V 2 R 

From equation 7 32 , we have 

a=f-t c:YdA 
R 

a = rr; 2 t [ (n + 1) }n + 2) r ( 1- ; Y" 2 rr r dr 

a = (n +1) 3 (n +2 ) 3 

4(3n +1) (3n +2) 

EQUATIONS OF M0110N AND ENERGY EQUATION 

Substituting n = ~, we get after simplification 

a= 1'06 
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Illustrative Example 7'8. A venturi meter having a diameter of 75 
mm at the throat and 150 mm diameter at the enlarged end is installed in a 
horizontal pipeline 150 mm in diameter carryinR an oil of sper.ifir. ~:ravity o· 9. 
The difference of pressurt head between the en/urged end und the thruat rccurd.:d 
by a U-tube is 175 mm of mercury. Determine the discharge through the pipe. 
Assume the coefficient of discharge of the meter as 0"97. 

or 

Solution : 

The discharge through the venturi meter is given by 

_ C a1a2..J2ih 
Q - d ~ 2 2 

al- a2 

cd .. o ·97 

rr ( 150 )
2 

. a =-x -- =00177m2 
I 4 1000 

rr ( 75 )
2 

~=:rx 
1000 

=0'0044m2 

h =X (~m - 1 ) 

= 1
1;Jg0 (~~

6 -1) = 2'469 m 

Thus by substitution, we get 

Q = 0'97 X (0'017 7 X 0'004 4) \f'2x9'8Jx2'469 

""(0'017 7)2 - (0'004 4)2 

Q = o·o30 67 m3/s; or 30 '67 litres/second 

Illustrative Example 7 ·9. A venturi meter has its axis vertical, the 
inlet and throat diameters being !50 111111 and 75 mm respertively. The throat is 
225 mm above inlet and K = o· 96. Petrol of specific gravity o· 78 flows up 
through the meter at a rate of 0'029 m3/s. Find the pressure differen ce be/Ween 
the inlet and the throat . 

Solution: 
The discharge through a venturi meter is given by 

Q = K a1·a2 .J2ih 
~ 2 2 al- a2 
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K = 0 '96 

1t ( 150 )
2 

a1 = 4 x 
1000 

= 0'017 7m2 

1t ( 75 )
2 

~ = 4 x 
1000 

= 0·004 4 m2 

Q = 0 '029 m3/s 
By substitution, we have 

0'029 
0 '96x(0'017 7x0'004 4) -f2x9'81xh 

\[ (0'017 7)2- (0'004 4)2 

h = 2'254 m of oil 

Since h = ( :
1 

'+ z 1 ) - (: + z 2 ) 

or 

or 

2. 254 = (:I - : ) 
2. 254 = (:I - : ) 

( .f!.J.._ - !?.1..) = 2'479 
w w 

- (z2 -zi) 

( 
225) 

- 1000 

(pi - P2) = (2'479 X 0'78 X 9 810) 

= 18 969 N/m2 = 18'969 kN/m 2 

= 18 969 Pa = 18 '969 k Pa 

Illustrative Example 7'10. 215 litres of gasoline (specific gravity 
o· 82) flow per second upwards in an inclined venturi meter fitted to a 300 mm 
diameter pipe. The venturi meter is inclined at 60' to the vertical and its 150 
mm diameter throat is 1' 2 m from the entrance along its length. Pressure gages 
inserted at entrance and throat show pressures of 0'141 Nlmm2 and 0'077 
N!mm2 respectively. Calculate the discharge coefficient of venturi meter. 

If instead of pressure gages the entrance and the throat of the venturi meter 
are connected to the two limbs of a U-tube mercury manometer, determine its 
reading in mm of differential mercury co lumn . 

Solution : 

The discharge through the venturi meter is given by 

Q = K a 1 a2 -f2g'h 
~ 2 2 a1 - a 2 

Q = 215 x 10-3 = 0'215 m3/s 

1t ( 300 )
2 

a1 =4x 
1000 

=0'0707m 2 
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1t ( 150 )
2 

. a;,= 
4

x 
1000 

= 0 017 7m2 

h = ( : 1 
+ z 1 ) - ( :

2 
+ z 2 ) 

P1 0 . 14 1 X 1 06 . . 
-;-- =

9 810 
x 

0
.
82 

= 17 528 m ofgasolme 

P2 o·on x 106 . . 
-;-- = 

9 810 X o· 82 = 9 572 m of gasoline 

z1 = 0; z2 = (1'2 sin 30') = 0'60 m 

h = (17'528 + 0) - (9'572 + 0 '60) = 7'356 m 

Thus by substitution, we get 

0
.
215 

= K X (0'070 7 X 0'017 7) -f2x9 8 lx7 356 

,; (0' o7o7)2 - (0' o 11 Tr 
or K = o·979 

or 

If a U- tubc manometer is connected then 

h =x(~m -1) 
7'356 = x (~~~~ - I) 

x = 0'472 m or 472 mm 

Illustrative Example 7 ' 11. A venturi meter is to be fi lled in a pipe 
o· 25 m diameter where the pressure head is 7'6 m of flowinfi liquid and the 
maximum flow is 8'1 m3 per minute . find the least diameter of the throat to 
ensure that the pressure head does not become negative . Take K = o·%. 

Sol u til)n : 

The discharge through the venturi meter is given by 

Q =- K a 1 a2 -f2i'h 
>J a 12 - al 

8'1 
Q = -= 0'135 m3/s 

60 

K = 0 '96 

1t 
a1 = -x (0'25)2 = o ·049 m2 

4 
h = 7 '6 m 

By substitution, we have 

0
.
135 

_ 0 '96 X (0'049) xa 2 -!2 X 9 ' 81 X 7 6 

-J (0'049)2- ai 
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a 2 =0 '0 112rn2 

-00 '0 112 X 4 d
2 

= = 0 · 1 19 5 m = 1 19 · 5 rn m 

Illustrative Example 7'12. The coefficient of discharge for a 
venturimeter used for measuring the flow of an incompressible fluid wasfound 
to be constant when the rate of flow Q exceeded a certain value. Show that 
under these conditions, the loss of head h1. in the convergent portion of the 
ven turimeter can be expressed as K1Q2 • where K1 is a constant. 

Solution : 

Applying Bernoulli ' s equation between the inlet and throat sections of the 

venturimeter, we get 
2 2 

P1 + b_ = P2 + h._ + hf 
w 2g w 2g 

If h is the venturi head then, we have 

/l!__P2=h 

and hence 

w w 

, v2 v2 
(h- ht) = h = _1_- -

1 

2g 2g 

Again if a 1 and a 2 are the cross-sectional areas at the inlet aRd throat 

sec tions of the venturimeter then, we have 

or 

01 

h = Q2 [.l.- 11 
lg ai a? 

Q = a102& 
.~ 
Vat- ai 

Q = c fh 
where C = a102 f2i, is the constant of the venturimeler. . ~ 

Vat- ai 
Further from equation 7'47, we have 

Q = KC -fh 
in which K is the coefficient of discharge of the venturi meter. 

Thus from equations (i) and (ii), we obtain 

(h - h') = hr= Q
2 [l-1] cz K2 

h1= K 1Q2 

... (i) 

... (ii) 

EQUATIONS OF MOTION AND ENERGY EQUA'nON 

where K1 = _1_ [-1-- 1] is a constant. 
c2 Kz 
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Illustrative Example 7'13. Water flows at the rate of 0'147 m3ts 
through a 150 mm diameter orifice inserted in a 300 mm diameter pipe. lf the 
pressure gages filled upstream and downstream of the orifice plate have shown 
readings of 176'58 k.Nim2 and 88'29 k.Nim2 respectively, find the coefficient of 
discharge C of the orifice meter. 

Solution : 

The discharge through an orifice meter is given by 

Q = C a0 a1 {2ih 
;Ja12-ao2 

Q = 0'147 m3/s 

h = ( .EJ._ - .E1..) 
w w 

(176' 58- 88'29) X 103 
9 f = 

9 810 
= m o water 

1t ( 300 ) 2
··'.' ' 

a 1=4X lOOO .=00707m
2 

a =- X -- =00177m2 1t ( 150 )
2 

. 
0 4 1000 

Thus by s ubstitution, we get 

0'147 
C X (0'070 7 X0 '017 7);}2x9'8JX9 

;} (0'070 7)2 - (0'017 7)2 

c = 0'605 
Illustrative Example 7 ' 14. A submarine moves horizontally in a sea 

and has its axis below the water surface. A prandtl pitottube placed in front of 
the submarine and along its axis is connected to the two limbs of a U-tube 
con wining mercury . The difference in mercury level is found co be 170 mm. 
Find the the speed of submarine knowing that specific gravity of sea water is 

1'025 . 
Solution : 
Let the submarine nlong with pilot tube be moving with a velocity V. 

By superimposing a velocity equal in magnitude to that of the submarine 
but in opposite direction, i .e. , -V, to the whole system, the submarine 
including pitottube is brought to rest and sea water attains a velocity V. 

Thus from equation 7'25, we have 

V=CJ2gx(~;-l) 
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110 'o· · I ·J s'l" : : .: x =--= 17m· S = 13 6· ' =T025 ·and C 1s taken as 1. IOCXJ , . '" ' , >,- , 

or 

Thus by substitution, we get 

V=~2x9"81 xo·17(~-lr 
1"025 

V = 64 rn/s 

i.e .. submarine is moving with a speed of 64 m/s 

Illustrative Example 7"15. Water flows in a 300 mm pipe. Two 
piwl wbes are inslallcd in lhe pipe, one on 1he cenlreline and 1he other 75 mm 
from I he centreline. If the velocities at I he two points are 3 mls und 2 mls 
respec tively calculate lhe reading on the differential mercury manometer 
connected to the two tubes. 

Solution : 
As shown in the figure, let A and B be the stagnation points at the tips of 

the two pilot tubes. Considering points 1 and 2 slighlly upstream of A and B 
and applying Bernoulli's equation, we get 

PI Vl 2 PA --+- =--
IV 2g 

... (i) 
IV 

and 
P2 Vl PB ... (ii) -+-=-

IV 2g W 

----==--==----==--~---==- I -------------

~m/s ·--r-
~-----

2.m/s 

-~-

'1 

Example 7" 15 

where p
1 

and p 2 are the static pressure intensities and V 1 and V 2 are the 
velocities at points I and 2 respectively and PA and p8 are the stagnation pressure 

I 

I 
I 
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intensities at poin~A (and B t .res~ctive1y.\r Also ~he.\following ' relation 
between P1 and Pz may be Vtritten · _,. •:- . t>8Q' 0 ::::: :~;y :, · . , '~. · 

.I!J_ + 0'075 = .!!1.. 
w w 

Thus from equations (i), (il) and (iii), we get 
v 2 v 2 !?L - PA = _2_- _I_+ 0"075 

w w 2g 2g .. 

... (iii) 

... (iv) 

Further if x is the difference in the levels of mercury columns in the two 
limbs of the manometer andy is the depth of the higher mercury column below 
the centreline of the pipe, then the following manometric equation may be 
developed 

EL+y+x =El!..+y-0'075+13"6x 
w w 

or I!1L - & = -12'6x + 0'075 
w w 

Solving equations (iv) and (v ), we get 
y2 y2 
2~ - 2~ + 0'075 = -12"6 X+ 0'075 

or 
V22_yl2 

= -12"6x 
2g 

or Qi- {3~2 = -12'6 X 
2x9'81 

.. X = o·o20 2m or 20 ·2 mm 

... (v) 

Illustrative Example 7'16. A pilot-sialic tube placed in the centre of 
a 200 mm pipe fine, has one orifice pointing upstream and the other 
perpendicular to it. If the pressure differen ce between the lwo orifices is 40 mm 
of water when the discharge through the pipe is 1 365 litres per minute, 
calculate the coefficient of the pilot tube. Take the mean velocity in the pipe to 
be 0'83 of the central velocity. 

Solution 

Q --. = o·o22 75 m3/s 

The mean velocity of flow is 

- _Q_ - 0"022 75 . 
V - A - !E. ( 200 ) 2 = 0 724 m/s 

4 1000 

. v 0'724 
Central veloc!ly = 0.83 = '"0-83 = ~-872 m/s 

Pressure difference h = 40 x J0-3 m 
Thus from equation 7·50 
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0.872 = C {2 X 9"81- X (40 ;·lO :J) 
c = 0"984 

Illustrative Example 7'17. Water . is discharged from a 50 mm 
diameter nozzle which is inclined at a 30 ·angle above the horizontal . If the jet 
strikes the ground at a horizontal distance of 3'6 m and a vertical distance of 
0'6 mfrom the nozzle as shown in the figure, what is the rate off/ow ? 

Solution : 

Let V
0 

be the velocity of the jet then 

(Vo)x = Vo cos 30" = 0"866 Vo 

(Vo)z = Vo sin 30" = o·s Vo 

Therefore the coordinate equations for the trajectory arc 
x = 0"866 V0 I 

and z = o·s V0 I - !..gt2 
2 

By eliminating t and solving for V0 from these two equations , we get 

X [ ]In 
Vo = ()-8'66 2(0.577x -z) 

By substitution, we get 
3'6 [ 9"81 ]In 

Vo = "()-866 2((3"6x0"577) - (- (l"6)) 

or V0 = 5"63 m/s 

Hence Q =AVo 

= [~ x ( .1.Q_)2 
x 5 63] = ()"() ll m3/s 

4 1000 . 

~----------------- 3·6m------------------~ 

L, 

Example 7" 17 

~ 

Illustrative Example 7"18. A fireman intends to reach a window 25·5 
m above the ground with aflre stream from a nozzle having a cylindrical tip 30 

EQUATIONS OF MOTION AND ENERGY EQUATION 355 

mm in diameter and discharging 1140 litres per minute . Neglecting air 
resistance and assuming a nozzle height of 1·5 m. determine the greatest 
distance from the building at which fireman can stand and still play the stream 
upon the window. 

Solution 

Q 11406~ lQ-3 = o·o 19 ffi3/s 

_Q_ 0"019 . 
V0 = A = ~ _]Q_) 2 = 26 88 m/s 

4\1000 

x = (V0 cos 9)t 

. I 2 
and z = 24 = (V0 sm 8)1- 2 gt 

From equation (i) 

cos 9=-x­
V o I 

. . sin 9 = -0 I- ( v:c ) 
Substituting this value of sin 9 in equation (ii), we get 

24 = ( ..J Vo2t2- x2 ) - t gc2 

/---, 

;' 
I 

I 
/ 

~ 
Example 7 "18 

... (i ) 

.. . (ii ) 
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Solving for x, we gel 

d.x 
dt 

x = -v V0
2t2 - (24 + ~ gt2)2 

1 
2 V0

2t - 2(24 +28t2)gt 

2'-1 V 0
2t2 - (24 + I gt2)2 

. d.x 0 For max1mum x, d/= 

Hence 
1 

V0
2t = 24 gt + - g2 t3 

2 

Solving for 1, we get 

- -v2(26'88)2 - 48g - 3'18 
t - 2 - s 

g 

x = -v (26.88)2(3'18)2 -[24 + ix9. R1 

= 43"47 m 

x(3' 18)2]2 

Illustrative Example 7 ' 19. In a free cylindrical vortex of water the 
tangential velocity at a radius of o· 12 m from the axis of rotation is found to 
be 7'2 mls an.d the intensity of pressure is 245'25 k.N fm2 [2'5 kg(/)! cm2f. Find 
the intensity of pressure at a radius of o· 24 m from the axis. 

or 

Solution : 

For a free vortex 

v1r 1 = v2r2 

7 2 X 0'12 = v2 X 0 24 

v2 = 3'6 m/s 

Also 
P 1 V1

2 
P 2 vl 

- +·-=- +-
w 2g w 2g 

Thus by substit ution 

In Sf units 

245'25 X 103 __!2]j!_ 
9810 +2 x 9.81 

=Pl..+ _JI§f 
w 2x9'81 

P2 = 264 '69 kN/m2
, or 

264'69 kPa 
In metric units 

2 . 5 X 1 04 __!21£.. 
1000 +2 x9'8 1 

p2 = 2 · 698 kg (f)/crn 2 

P2 (3.6)1 
w+ 2 x 9 ' 81 

i 

t 
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Illustrative Example 7'20. Water flows radially between the two 
flanges at the end of a 0'15 m diameter pipe as shown in the figure. Neglecting 
losses, if the pressure head at A is -0·3 m,find the pressure head at Band the 
flow in m3!s. 

or 

or 

Solution : 

By continuity equation 

Q = (~x 0'152) VA= (21t X 0'6 X 0'025)V8 

= (21t X 1'2 X 0'025) Vc 

16 
VA= TVa ; and V8 = 2Vc 

By applying Bernoulli's equation between A and C. we have 

v 2 v 2 
- o·3 +_A_ = _c_ + 1·5 

Thus 

2g 2g 

:;

2 

r~-(i2YJ=l·s 
VA= 5'97 m/s 

Q=( 41tx 0'15 2 x 5'97)=o·105m3/s 

,. 1·2m~ ~ 
C0-6m-j 0·025m 

~ 
:sa_ 

c 
. 
B 

0·15mDIA 

t 

, 1·5m 

1--

A• 

~ - -
Example 7 ' 20 

Again applying Bernoulli's equation between points Band C, we have 
Po Va2 Pc Vc2 
--+-==-+-
w 2g W 'Jn 
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Vs = C3
6 

X 5" 97) = 1"12 m/s 

Vc =0.56m/s 

Thus by substitution, we get 

..E!L (1"12)2 
w +2x9.81 

..E.!L = _ o·043 m 
w 

Illustrative Example 7 "21. Assume a steady iso thermal flow of air 
considered as a perfect gas with R = 29· 3 metres per ·c absolute. The velocity 
f ield is u= 3x, v= -3y , w = 20, where u,v, ware the velocity components in 
mls in the coordinate directions x,y,z respectively. The coordinates are in 
metres. What is the ratio of pressures between the positions (1 0,3 ,0) and 
(0,--5 ,0) ? The temperature is 38 · C. 

or 

Solution : 

At point (10, 3, 0) 

u = 30 m/s ; V = -9 m/s ; w = 20 m/s 

VI = "u 2 + v2 + w 2 

= "(30)2 + (-9)2 + (20) 2 

= 3T 16m 

Similarly at point (0, -5, 0) 
u = 0 ; V = 15 m/s ; w = 20 m/s 

V2 = ~ (0)2 + (15)2 + (20)2 

= 25 m/s 

From equation 7 ·35 for isothermal flow, we have 

Vt2 V22 
K log,p 1 +T+gz 1 =K log, p 2 +T+gz2 

where K is a consumt given by 

Thus 

!!..= K = RT 
p 

K = 29·3 (273 +38) = 9 112·3 

Considering z1 = z2 , and substituting in the above equation, we get 

9 112.3 1 (p I ) - (37"16)2 (25)2 
og. 2 PI - 2 - 2 

log. (p-jp1 ) = 0"041 5 

EL = l "M? 
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PROBLEMS -.., 
1 ~ :.1:.:.__ What are the different energies of a fluid ? Explain each of them. 

/ 1" 2 ; State and derive Bernoulli's theorem, mentioning clearly the assumptions 
\.- - underlying it. 

7 · 3 · Derive Bernoulli's equation from general energy equation . 

7 · 4 Derive Bernoulli's equation from Euler's equation of motion. 

·7-s) __ ./ 
7"6 

7 "7 

7 "8 

6 

_.. 

( ~~~· 

What is kinetic energy correction factor? 

Starting from first principles obtain the following expression for discharge of a 
liquid through a venturi meter 

Q = KC h112 

where Q is discharge in m1/s ; K is discharge coeficient of the venturi meter ; C 
is constant of venturi meter ; and h is venturi head in metres of fluid flowing 
through the venturi meter. 

A vertical venturi meter of (diD) ratio equal to 0 .6 is fitted in a o·1 m diameter 
pipe . The throat is o ·2 m above the inlet. The meter has a coefficient of 
discharge of 0·92. Determine (i) pressure difference as recorded by two gages 
fitted at the inlet and throat, (ii ) difference on a vertical differential mercury 
manometer (specific gravity of mercury = 13 .6) when a liquid of specific 
gravity o·8 flows through the meter at the rate of 50 litres per second. 

[ (i) 130"206 k.N/m2 or 1"327 kg(f)/cm2; (ii)1"024 m] 

Oil of specific gravity 0 "90 flows in a pipe 300 mm diameter at the rate of 120 
litres per second and the pressure at a point A is 24 .525 kPa [ 0·25 kg(f)fcm2] 

(gage). If the point A is 5"2 m above the datum line, calculate the total energy 
at point A in terms of metres of oil. (8 . 125 m] 

ln a vertical pipe cortveying water, pressure gages are inserted at A and B, 
where the diameters are 150 mm and 75 mm respectively . The point B is 
2 ·4 m below A, and when the rate of flow down the pipe is 0·021 m3/s the 
pressure at B is 117 ·n kNjm2 [ o · 12 kg (f)/cm2] greater than that at A. 
Assuming that the losses in the pipe between A and B can be expressed as 
(kVA2 I 2g ), where VA is the velocity at A, find the value of k. If the gages at 

A and B are replaced by tubes filled wii.h water and connected to a U -tube 
containing mercury of specific gravity 13 ·6, calculate the value of the reading 
on the manometer. [ 1· 67 ; 95"2 mm] 

A o·3 m by 0·15 m venturi meter is mounted on a vertical pipe with flow 
upwards. 63 litres per second of oil of specific gravity o· 80 and dynamic 
viscos ity 1 poise flows through the pipeline. The throat section is o·1 m above 
the inlet section. What is the pressure difference between the inlet and the 

pV d o· 80xl000x3 · 565x0" 15 
throat ? [ Reynolds Number = -- = = 4 278 for 

J.l 0"1 
which K = 0"96. The required pressure difference= 5 ·964 k.N/m2 or 5"964 kPa 
or 0"060 8 kg(f)/cm2] 
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7 · II A venturimeter is used for msasuring the flo w of petrol in a pipeline inclined 
at 35" to horizontal . The specific gravity of the petrol is 0'81 and throat area 
ratio is 4. If the difference in mercury levels in th e gage is 50 mm, calculate 
the flow in litres per hour if the pipe diameter is 0 '3 m. Take discharge 
coefficient of the venturi meter as 0'975. 

7'12 

.---....... , 

[2'52x10Slitres/hour] 

A venturi meter measures the flow of water in a 75 mm diameter pipe. The 
difference of head between the entrance and the throat of the venturi meter is 
measured by U-tube containing mercury, the space abbve the mercury on each 
side being filled with water. What should be the diameter of the throat of the 
meter in order that the difference of the levels of the mercury shall be 0.25 m 
when the quantity of water flowing in the pipe is 630 litres per minute '! 
Assume the discharge coefficient as 0.97. [40'9 mm] 

1 7 ·13 _.../ Define kinetic energy correction fac tor and derive an expression for the same. 
-~ Veloc ity distribution for laminar flow of a real fluid in a pipe is given by the 

equation V = V max [ l-(r2JR2)], where V max is velocity at the centre of the 
pipe, R is pipe radius. and V is the velocity at radius r from the centre of the 
pipe. Show that kinetic energy correction factor for this flow is 2. 

7'14 

1' 15 

A venturi meter having inlet diameter 100 mm and throat diameter 25 mm is 
fitted in a vertical pipe, tluoat o ·3 m below inlet, for measuring the flow of 
petrol of specific gravity 0 '78. Pressure gages are fitted at inlet and throat. 
Assuming the loss of head between inlet and throat as 30 times the velocity 
head at inlet, find :(a) cd for the meter; (b) the discharge in litres per minute 

when the inlet gage reads 274.68 kNfm2 [0'28 kg(f)/cm2] more than the tluoat 
gage. [ (a) 0'946 ; (b) 244 litres/min] 

A 150 mm x 75 nun venturi meter with a coefficient of discharge 0'98 is to be 
replaced by an orifice meter having a coefficient of discharge o · 6. If both the 
meters are to give the same differential mercury manometer reading for a 
discharge of 100 litres per second and the inlet diameter is to remain 150 mm, 
what should be the diameter of the orifice. [93 · 5 mm] 

7'16 A pitol tube was used to measure the quantity of water flowing in a pipe of 
o·3 m diameter. The water was raised to a height of 0 '25 m above the centre 
line of pipe in a vertical limb of the tube . If the mean velocity is o·78 times 
the velocity at the centre and coefficient of pi tot tube is 0'98, find the quantity 
of water in litres. per second. Static pressure head at the centre of the pipe is 
0'2 m. 

~-~ 
[53'521/s] 

/ -.~ 
7 ' 17 >(\pipe carrying oil of specific gravity 0'877 changes in size from 0·15 mat 

-- """/'section A to 0·45 mat section B. Section A is 3'6 m lower thanB and tl1e 
pressures are 90'252 kNfm2 [0'92 kg(f)/cm2] and 59'841 kN/m2 
[0'61 kg(f)/cm 2] respectively. If the discharge is 0 '145 m3/s, determine the 
head loss and the direction of flow. [3 '32m of oil ; Flow is from A to B] 

7' 18 

-.....;,._.:-

7' 19 

e 
,. 

(Y 
8 

r 
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Water is supplied to a turbineihrough a 0'3 m diameter pipe at the rate of o·53 
m 3 /s. After passing through the turbine water is discharged through a 
divergent pipe (called draft tube) which has a diameter of o · 6 m at point B 
which is 1m below a peint A in the 0'3 m pipe. If the pressures at the points A 
and Bare respectively 147'15 kNfm2 [1 '5 kg(f)/cm2] and -34'335 kNfm2 
[- 0 '35 kg(f)/cm2] , determine the power delivered to the turbine by the water. 

[ 115'35 kW (or 156'8 h.p)) 

Find the velocity of flow of carbon tetrachloride specific gravity 1· 59 through 
a pipe when a differential gage attached to a pilot static tube shows a reading 
of o·t m. Take the coefficient of the pilot tube as 0'98 . [3 ·n m/s] 

Two horizontal parallel circular discs are placed 50 mm apart and each plate 
has diameter of 0·25 m. The lower plate has central hole of 50 mm diameter 
and a 50 mm diameter vertical pipe is connected centrally to it. Water flo'.¥s 
through the pipe at the rate of 500 litres per minute. 'If the pressure at the outer 
edge of the disc is 10m of water, determine (i ) pressure inside the vertical 
pipe; (ii) velocity and pressure at a radius of 80 mm from the centre ; (iii) the 
resultant pressure on the upper disc ; and (i v ) the resultant pressure on the 
bottom disc. 

[(i) 89'117 kNfm2; (ii) 0.332 m/s, 98.068 kNfm2; (ii i) 22'209 N in the 
downward direction; (iv) 2'502 N in the upward direction] 

In a free cylindrical vortex of water, the tangential velocity at a radius of 
0'1 m from the axis of rotation is found to be 10 m/s and the intensity of 
pressure is 196'2 kNfm2 [2 kg (f) /cm2] . Find the intensity of pressure at a 
radius of o ·2 m from the axis. 

[233'7 kNfm2, or 233 ·7 kPa, or 2'382 kg(f)/cm2] 

The wind velocity in a cyclone may be assumed to be free vortex flow. If at 50 
km from centre of cyclone, velocity is 16 km!h. what pressure gradient should 
be obtained at this point. What reduction in barometric pressure should occur 
over radial distance of 10 km from this point towards centre of storm. Mass 
density of air= 1'2 kg/m3. [ 1 in 2110; 0'566 m] 




